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What is the marginal likelihood? How can we compute it?

The marginal likelihood is a key quantity in Bayesian statistics. Used
for model selection, model averaging and so on

Smets and Wouters (2007): “The NNS (DSGE) model has a fit
comparable to that of Bayesian VAR models”

The marginal likelihood:

p(y|M) =

∫
ΘM

p(y|θ,M)p(θ|M)dθ

How can we compute it? In practice, we often cannot solve this
integral analytically

A naive Monte Carlo integration is computationally inefficient and
rarely used
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Harmonic mean estimators (HMEs)

One popular method is the original harmonic mean estimator
[Newton and Raftery (1994, JRSSB)]

p̂HME(y)
−1 ≡ 1

N

N∑
i=1

1

p(y|θ(i))

where θ(i) is a sample from p(θ|y). This estimator has a
computational bias (simulation pseudo-bias) [Lenk (2009, JCGS)]

Simulation studies show that the modified HME is accurate
[Gelfand and Dey (1994, JRSSB), Chib and Jeliazkov (2001, JASA)]

p̂MHME(y)
−1 ≡ 1

N

N∑
i=1

w(θ(i))

p(y|θ(i))p(θ(i))
.

where w(θ) can be any density function Derivation
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Three contributions of this paper

1 Show that the modified HME tends to have a smaller simulation
pseudo-bias than the original HME

⇒ Offer a novel explanation for why the modified HME is accurate

2 The proposed pseudo-bias correction method gives a computational
rationale for the truncation embedded in commonly used weighting
densities

3 Confirm the robustness of Smets and Wouters (2007) using HMEs
and highlight the importance of the pseudo-bias correction
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Theorem 1: Foundation for pseudo-bias comparison and
correction

The original and modified HMEs are based on the following identities:

p(y)−1 = Ep(θ|y)

[
1

p(y|θ)

]
,

p(y)−1 = Ep(θ|y)

[
w(θ)

p(y|θ)p(θ)

]
,

Theorem (A modified HME identity)

For any subset A ⊆ Θ with W (A) ≡
∫
Aw(θ)dθ > 0 and p(θ|y) > 0 almost

everywhere in A, we have

p(y) = W (A)

[∫
A

w(θ)

p(y|θ)p(θ)
p(θ|y)dθ

]−1

.
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Definition of simulation pseudo-bias

Posterior simulation support (Lenk 2009):

A = {θ ⊆ Θ : p(y|θ) > L}, where L = min
θ∈{θ(i)}Ni=1

p(y|θ).

The original and modified HMEs in integral form

p̂HME(y)
−1 ≈

∫
A

1

p(y|θ)
p(θ|y)dθ

and

p̂MHME(y)
−1 ≈

∫
A

w(θ)

p(y|θ)p(θ)
p(θ|y)dθ.
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Proposition 1: Simulation pseudo-bias comparison

Definition of simulation pseudo-bias:

PBHME(y) ≡

[∫
A

1
p(y|θ)p(θ|y)dθ

]−1∫
Θ p(y|θ)p(θ)dθ

and

PBMHME(y) ≡

[∫
A

w(θ)
p(y|θ)p(θ)p(θ|y)dθ

]−1∫
Θ p(y|θ)p(θ)dθ

.

Proposition (Pseudo-bias comparison)

If W (A) ≡
∫
Aw(θ)dθ > P (A) ≡

∫
A p(θ)dθ, then PBHME > PBMHME .

W (A) > P (A) holds in practice since w(·) is parameterized using
information from posterior samples. Pseudo-bias is positive
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Importance sampling interpretation

The source and mechanism of simulation pseudo-bias is illustrated by
the importance sampling interpretation

Pseudo-bias occurs when the absolute continuity condition of
importance sampling is violated in simulation
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Detour: Importance sampling

Suppose you want to numerically compute

Eπ[ϕ(θ)] =

∫
Θ
ϕ(θ)π(θ)dθ,

but you cannot sample from π, the target distribution

By sampling from q, the proposal distribution, you can compute

Eπ[ϕ(θ)] =

∫
Θ
ϕ(θ)

π(θ)

q(θ)
q(θ)dθ = Eq[ϕ(θ)W (θ)]

where W (θ) = π(θ)
q(θ)

The target must be absolutely continuous wrt the proposal
i.e., q(θ) = 0 ⇒ π(θ) = 0
i.e., The support of π must be a subset of the support of q
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Simulation pseudo-bias in the harmonic mean estimator

The original HME is importance sampling Derivation

p(y)−1 =

∫
Θ

1

p(y|θ)
p(θ|y)dθ = p(y)−1

∫
Θ

p(θ)

p(θ|y)
p(θ|y)dθ

The target is the prior p(θ) and the proposal is the posterior p(θ|y)

p(θ|y) is much more concentrated than p(θ)

⇒ Absolute continuity fails in simulation
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The modified HMEs are more robust to the pseudo-bias

The modified HME is also importance sampling Derivation

p(y)−1 =

∫
Θ

w(θ)

p(y|θ)p(θ)
p(θ|y)dθ = p(y)−1

∫
Θ

w(θ)

p(θ|y)
p(θ|y)dθ

Now, the target is w(θ) and the proposal is p(θ|y)

In practice, w(θ) is set to approximate p(θ|y) using the information
from the posterior draws; thus they have similar support both in theory
and in simulation

⇒ The modified HMEs are more robust to the pseudo-bias
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An illustrative example
Estimate the mean of {yt}Tt=1: yt|µ

iid∼ N(µ, 1)
Prior is µ ∼ N(0, 2). µ = 0 for the true DGP.
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Simulated data
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Simulation pseudo-bias correction for the modified HMEs
Proposition (Simulation pseudo-bias correction)

The pseudo-bias-corrected modified HME can be computed by the
following equality:

p(y) = W (A)

[∫
A

w(θ)

p(y|θ)p(θ)
p(θ|y)dθ

]−1

.

The correction factor W (A) can be estimated by, for instance, importance
sampling:

Ŵ (A) =
1

J

J∑
j=1

1A(θ
(j))

w(θ(j))

q(θ(j))
,

where θ(j) is a sample from the proposal density q and 1A(a) is an
indicator function taking the value of 1 if a ∈ A and 0 otherwise.

Robustifying w̃(θ) by ˜̃w(θ) = 1A(θ)P (A)w̃(θ)

Provides a rationale for the common truncation in w(θ)
Skip simulationRyohei Oishi (UCL) Pseudo-bias, truncation, modified HME March 2026
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Simulation 1: Bayesian linear regression models

A Bayesian linear regression model

yi = X ′
iβ + εi, εi

iid∼ N (0, σ2)

β|σ2 ∼ N (β0, σ
2V0)

σ2 ∼ IG(v0, v1)

Simulate {y}Tt=1 160 times. The true β and σ2 are drawn from the

prior distribution. Xi
iid∼ N(0, I)

Change T and nx

The marginal likelihood can be computed analytically
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Estimation errors (HME - True) when T = 100, nx = 20

Harmonic Mean
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Mean P (A)

6e-24 0.011

0.998

Harmonic mean Uniform Geweke
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Models with more regressors have larger pseudo-bias

# of X HM C-HM Uniform C-Uniform Geweke SWZ
nx = 10 27.17 -0.95 1.30 -0.49 -0.00 -0.00
nx = 20 54.85 -1.37 4.14 -0.91 -0.01 -0.01
nx = 40 109.79 -2.05 14.12 -1.77 -0.02 -0.02

Table: Mean error when T = 100

Scale
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Simulation 2: 3 Eq New Keynesian DSGE Model

yt = Etyt+1 − γ(it − Etπt+1) + edt

πt = γbπt−1 + (1− γb)Etπt+1 + κyt + est

it = ρiit−1 + ϕππt + ϕyyt + emt

edt = ρde
d
t−1 + σdε

d
t , est = σsε

s
t , emt = σmεmt

where εdt , ε
s
t , ε

m
t ∼ N (0, 1)

Simulate 160 samples of yt, πt, it from the model. True parameters
are drawn from their prior distribution

I use a sequential Monte Carlo sampler for estimation. It provides a
ML estimate as a by-product of the sampling [Herbst and Schorfheide (2014)]

Ryohei Oishi (UCL) Pseudo-bias, truncation, modified HME March 2026



Estimation errors (HME - SMC)
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Mean P (A)
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Smaller pseudo-bias in the simple model

The simple model has no inertia: ρd = γb = ρi = 0

Model HM C-HM Uniform C-Uniform Geweke SWZ
Extended 9.98 -0.78 4.06 -0.20 -0.24 -0.23

Simple 6.20 -0.56 2.29 -0.50 -0.04 -0.11

Posterior distribution Scale
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Revisiting Smets and Wouters (2007)

Their conclusion: “The NNS (DSGE) model has a fit comparable to
that of Bayesian VAR models”

This conclusion is based on a comparison of marginal likelihoods

They use the Laplace approximation, a local approximation, which is
vulnerable to changes in the mode and computational error in the
Hessian at the mode

Is their conclusion robust when a global approximation method, such
as a harmonic mean estimator, is used?

Using HMEs may be unfairly advantageous to the DSGE model
because of the pseudo-bias, so bias correction is needed
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The ML of the DSGE model is similar to that of the VAR
model. Wrong conclusion without pseudo-bias correction

VAR lags Optimized Minnesota prior
VAR(1) -965.6
VAR(2) -914.7
VAR(3) -913.8
VAR(4) -917.9
VAR(5) -919.1

Table: Marginal likelihoods of the VAR models

Sample period HM C-HM Unif C-Unif Geweke SWZ
1966:1-2004:4 -875.7 -917.6 -909.0 -914.1 -914.9 -915.1
w/o subtraction -847.2 -920.9 -903.3 -921.2 -922.2 -921.5

Table: Marginal likelihoods of the Smets and Wouters (2007) model

*The marginal likelihoods are computed by
ML(1966:1-2004:4) = ML(1956:1-2004:4) - ML(1956:1-1965:4)
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Conclusion

The modified harmonic mean estimator exhibits a smaller simulation
pseudo-bias

A proposed pseudo-bias correction method gives a rationale for
common truncation

Both the Geweke and SWZ estimators are accurate in
macroeconometric setups

The result of Smets and Wouters (2007) is robust and highlights the
importance of pseudo-bias correction
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Thank You!
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Kass and Raftery scale

2 ln(B1,2) Grades of Evidence
0 to 2 Barely worth mentioning
2 to 6 Positive
6 to 10 Strong
> 10 Very strong

Table: Kass and Raftery (1995) scale

Note: This table summarizes the interpretation of evidence strength proposed by [?], based
on differences in marginal likelihoods when comparing two models.

Back1 Back2
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Derivation of the modified HME

p(y)−1 =

∫
Θ

w(θ)

p(y)
dθ

=

∫
Θ

w(θ)

p(y|θ)p(θ)
p(y|θ)p(θ)

p(y)
dθ

=

∫
Θ

w(θ)

p(y|θ)p(θ)
p(y, θ)

p(y)
dθ

=

∫
Θ

w(θ)

p(y|θ)p(θ)
p(θ|y)dθ

= Ep(θ|y)

[
w(θ)

p(y|θ)p(θ)

]
By setting w(θ) = p(θ), we obtain the harmonic mean estimator

Back
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IS interpretation of the HME

1

p(y)
= Ep(θ|y)

[
1

p(y|θ)

]
=

∫
Θ

1

p(y|θ)
p(θ|y)dθ

=

∫
Θ

p(θ)

p(y|θ)p(θ)
p(θ|y)dθ

=

∫
Θ

p(θ)

p(y)p(θ|y)
p(θ|y)dθ

=
1

p(y)

∫
Θ

p(θ)

p(θ|y)
p(θ|y)dθ

=
1

p(y)
Ep(θ|y)

[
p(θ)

p(θ|y)

]
Back
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IS interpretation of the modified HME

1

p(y)
= Ep(θ|y)

[
w(θ)

p(y|θ)p(θ)

]
=

∫
Θ

w(θ)

p(y|θ)p(θ)
p(θ|y)dθ

=

∫
Θ

w(θ)

p(y)p(θ|y)
p(θ|y)dθ

=
1

p(y)

∫
Θ

w(θ)

p(θ|y)
p(θ|y)dθ

=
1

p(y)
Ep(θ|y)

[
w(θ)

p(θ|y)

]
Back
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Proof of Theorem 1 Back

Recall Bayes’ theorem:

p(θ|y) = p(y|θ)p(θ)
p(y)

.

Then we have,

P (A) :=

∫
A
w(θ)dθ

=

∫
A

w(θ)

p(θ|y)
p(θ|y)dθ

=

∫
A

w(θ)

p(y|θ)p(θ)/p(y)
p(θ|y)dθ

= p(y)

∫
A

w(θ)

p(y|θ)p(θ)
p(θ|y)dθ,

which leads to Theorem 1:

p(y) = P (A)

[∫
A

w(θ)

p(y|θ)p(θ)
p(θ|y)dθ

]−1

.
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Geweke’s estimator

Geweke (1999) uses the truncated multivariate normal density for
w(θ):

wG(θ) = τ−1(2π)−k/2|Ω̄|−1/2 exp

(
−1

2
(θ − θ̄)′Ω̄−1(θ − θ̄)

)
1(θ ∈ Θ̄)

where Θ̄ = {θ : (θ− θ̄)′Ω̄−1(θ− θ̄) ≤ F−1

χ2
k

(τ)}, θ̄ and Ω̄ are the posterior mean and

covariance matrix of θ, k is the dimension of θ, τ ∈ (0, 1) is a tuning parameter, and

F−1

χ2
k

(τ) is an inverse of a χ2 CDF with a degree of freedom k
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Sims, Waggoner, and Zha’s estimator

SWZ extends Geweke’s wG(θ) in three ways

wSWZ(θ) = q−1
L g(θ)1(θ ∈ Θ̂)

g(θ) =
Γ(k/2)

2πk/2|Ŝ|
f(r(θ))

r(θ)k−1

Θ̂ = {θ : p(y|θ)p(θ) > L1−q, r(θ) ∈ [a, b]}

and L1−q is (1− q) percentile of the (unnormalized) posterior density {p(y|θi)p(θi)}Ni=1,

r(θ) =

√
(θ − θ̂)Ω̂−1(θ − θ̂), θ̂ is the posterior mode, f() is any one-dimensional

probability density defined on the positive reals, Ŝ =
√

Ω̂ and a and b are set to truncate

approximately 10% of the tail
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Prior distributions for the 3eq NK model

Parameter Description Distribution Mean Std Domain
γ Elasticity of intertemporal substitutiton Normal 1.5 0.375 (0,∞)
ϕπ Taylor rule coefficient on inflation Normal 1.5 0.25 (1,∞)
ϕy Taylor rule coefficient on output Normal 0.12 0.05 [0,∞)
κ Slope of the NKPC Gamma 0.1 0.1 (0,∞)
σd Std of a demand shock Inv-Gamma 0.5 1 (0,∞)
σs Std of a supply shock Inv-Gamma 0.5 1 (0,∞)
σm Std of a monetary policy shock Inv-Gamma 0.5 1 (0,∞)
ρd Persistence of demand shock Beta 0.5 0.2 [0,1]
γb Inflation inertia Beta 0.5 0.2 [0,1]
ρi Taylor rule inertia Beta 0.5 0.2 [0,1]

Table: Prior distribution for the three-equation New Keynesian models

Note: This table summarizes the prior distribution of the parameters in the three-equation
New Keynesian DSGE model. Std denotes the standard deviation.

Back
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Posterior distribution of the 3eq NK model

Back
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