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Abstract

The modified harmonic mean estimator developed by Gelfand and Dey (1994)

for the marginal likelihood exhibits a smaller computational bias—known as sim-

ulation pseudo-bias—than the original estimator proposed by Newton and Raftery

(1994). Simulation pseudo-bias occurs in importance sampling when the simulated

samples from the proposal distribution have narrower empirical support than the

target distribution, even if their theoretical supports are identical. The modified

estimator mitigates this pseudo-bias by changing the importance sampling target

from the prior density to a weighting density parameterized by posterior samples.

Furthermore, the pseudo-bias correction method provides a computational rationale

for the truncation embedded in commonly used weighting densities. Empirically,

this paper revisits the finding of Smets and Wouters (2007) that the marginal like-

lihood of their DSGE model is comparable to that of a VAR model. Using various

harmonic-mean-type estimators, I confirm the robustness of their original finding,

which was based on the local Laplace approximation. I also demonstrate that re-

lying on pseudo-biased estimators leads to an erroneous preference for the DSGE

model.
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1 Introduction

This paper studies the estimation of the marginal likelihood,1 defined as

p(y|M) =

∫
ΘM

p(y|θM ,M)p(θM |M)dθM , (1)

where y denotes the data, p(y|θM ,M) and p(θM |M) are the likelihood and the prior dis-

tribution, respectively, for a model M parameterized by parameters θM ∈ ΘM .2 The

marginal likelihood plays a crucial role in Bayesian statistics, particularly in model selec-

tion, model averaging, and hyperparameter estimation via marginal-likelihood maximiza-

tion. For instance, in model selection, the model with the highest marginal likelihood

is selected when prior model probabilities are equal. In model averaging, the marginal

likelihood is used as a weight to average over models.

Despite its importance, accurately estimating the marginal likelihood is computation-

ally challenging. Except for a few restrictive cases, a closed-form solution is not available

because all parameters must be integrated out of a complex function. Furthermore, naive

Monte Carlo estimators are rarely used in practice due to their computational inefficiency,

especially in high-dimensional problems.

In response to these computational challenges, various estimators have been proposed

in the literature. Among these, harmonic mean estimators (HMEs) are widely used due

to their computational simplicity. The original HME proposed by Newton and Raftery

(1994) estimates the reciprocal of the marginal likelihood as the harmonic mean of the

likelihoods evaluated at posterior samples. While valued for its simplicity, it may exhibit

infinite variance. The modified HME of Gelfand and Dey (1994) estimates the reciprocal

using a weighted harmonic mean and remains one of the most widely used estimators. Ac-

cording to simulation studies, the modified HME is as accurate as more computationally

intensive estimators (e.g., Chib and Jeliazkov, 2001).

In this paper, I show that the modified HME exhibits less computational bias—known

as simulation pseudo-bias (Lenk, 2009)—than the original HME. Simulation pseudo-bias

occurs in importance sampling when the simulated samples from the proposal distribution

have narrower empirical support than the target distribution.3 That is, although the

absolute continuity condition holds in theory (and hence the estimator is unbiased),

it is effectively violated in simulation due to the finite-sample nature of the simulation.

Consequently, because the target distribution of the modified HME is a weighting density

1The marginal likelihood is also known as the marginal data density, integrated likelihood, or nor-
malizing constant.

2Henceforth, conditioning on M is omitted unless necessary for clarity.
3The concept of pseudo-bias was developed in the literature on bootstrap methods (e.g., Ventura

(2002)). A pseudo-biased estimator is theoretically unbiased, but becomes biased in practice due to the
finite nature of simulation and computation.
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parameterized using information from the posterior samples, it shares similar empirical

support with the posterior distribution, which serves as the proposal distribution for

both estimators. In contrast, the original HME suffers from larger pseudo-bias because

the prior distribution, which is the target, is typically more dispersed than the posterior.

This finding offers a new theoretical explanation for the well-documented superior

accuracy of the modified HME observed in simulation studies. It suggests that this accu-

racy stems not only from the estimator’s finite variance and the computational efficiency

gained through the weighting density, but also from its smaller simulation pseudo-bias.4

This result is particularly critical because pseudo-bias is positive and tends to increase

with model complexity, as reported by Lenk (2009) and confirmed by my own Monte

Carlo simulations. Consequently, pseudo-bias leads us to incorrectly favor overly com-

plex models. Furthermore, when comparing models evaluated via different types of esti-

mators, a model evaluated using a pseudo-biased HME may gain an unfair advantage.5

Finally, pseudo-bias distorts Bayesian model averaging by assigning disproportionately

large weights to more complex models, except in the knife-edge case where all models

exhibit identical pseudo-bias.

Furthermore, I introduce a method to correct for simulation pseudo-bias, as the mod-

ified HME is not entirely immune to it, depending on the choice of weighting density.

Building upon the correction method proposed in Lenk (2009) for the original HME, I

propose truncating the integral outside the region defined by the empirical support of the

posterior sampler and adjusting for this modification ex post. This explicit adjustment re-

stricts the integral to regions where posterior samples are actually drawn. Consequently,

it ensures that the absolute continuity condition holds in simulation, thereby eliminating

the cause of the pseudo-bias.

More importantly, this pseudo-bias correction method provides a computational ra-

tionale for the truncation embedded in commonly used weighting densities. For instance,

Geweke’s estimator uses a truncated normal density (Geweke, 1999), while the estimator

developed by Sims, Waggoner and Zha (2008, hereafter SWZ) incorporates truncation

based on the quantiles of the empirical unnormalized posterior density. Yet, neither paper

discusses the computational benefits of such truncation or its connection to simulation

pseudo-bias. This paper argues that truncation is required not only from a theoreti-

cal perspective to ensure finite moments, but also from a computational standpoint to

improve estimation accuracy by mitigating pseudo-bias.

4Pseudo-bias and computational efficiency represent distinct concepts. While computational efficiency
refers to the number of simulated samples required to achieve convergence, pseudo-bias defines the error
that persists even after the estimate appears to have converged.

5For instance, even if two models have identical true marginal likelihoods, if one is evaluated using an
HME affected by pseudo-bias and the other is computed analytically, the former may be selected solely
because its estimate is inflated by the bias.
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Monte Carlo simulations based on Bayesian linear regression and small-scale New

Keynesian dynamic stochastic general equilibrium (DSGE) models confirm that various

modified HMEs exhibit less simulation pseudo-bias than the original HME. For exam-

ple, the Geweke estimator, arguably the most popular in macroeconomics, and the SWZ

estimator prove highly accurate, with the pseudo-bias correction yielding negligible im-

provements. Specifically, across all simulations conducted in this paper, their root-mean-

square errors are “barely worth mentioning” on the scale of evidence proposed by Kass

and Raftery (1995).6 Nevertheless, the pseudo-bias correction method offers moderate

accuracy improvements for certain modified HMEs, such as those employing a uniform

weighting density, particularly as model complexity increases.

Given these findings, I revisit Smets and Wouters (2007), who demonstrated that

their DSGE model fits US macroeconomic data comparably to reduced-form vector au-

toregressive (VAR) models. Their conclusion rests primarily on the fact that the marginal

likelihood of their medium-scale DSGE model estimated using the Laplace approxima-

tion is comparable to those of the VAR models, which are obtained analytically. While

the Laplace approximation is fundamentally a local method that relies solely on the

unnormalized posterior density and the Hessian at the mode, HMEs provide a global ap-

proximation based on the entire posterior distribution. I demonstrate that their original

conclusion remains robust even when various (pseudo-bias corrected) HMEs are applied.

Furthermore, I underscore the critical importance of the pseudo-bias correction; without

it, one would erroneously conclude that the DSGE model fits the data much better than

the VAR models.

Related literature. This paper contributes to the literature on marginal likelihood

estimation using HMEs.7 The most related work is Lenk (2009), which shows that the

original HME is pseudo-biased and proposes a correction method. This paper contributes

to the literature by showing that the modified HME exhibits smaller simulation pseudo-

bias than the original HME, and by verifying this claim through a series of simulations

that include macroeconomic models. This paper also introduces a pseudo-bias correction

method that is applicable to the broader class of modified HMEs, whereas the correction

method of Lenk (2009) is limited to the original HME.

6Kass and Raftery (1995) classify the strength of evidence as “barely worth mentioning”, “positive”,
“strong”, and “very strong”, depending on the difference in marginal likelihoods.

7Various other estimation methods have been proposed in the literature. For example, Chib (1995)
and Chib and Jeliazkov (2001) present estimators based on a different equality for the marginal likelihood,
known as the basic marginal likelihood identity. Recent works employ state-of-the-art statistical methods,
such as conditional Monte Carlo, adaptive importance sampling, variational Bayes, and power posteriors,
or estimate the marginal likelihood as a by-product of a new sampling method. For instance, see Chan
(2023), Chan et al. (2024), Li et al. (2023), Pajor (2017), and Waggoner et al. (2016). For recent surveys
of marginal likelihood estimation, see Ardia et al. (2012), Friel and Wyse (2012), and Llorente et al.
(2023).
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The findings of this paper are relevant to the more recent works in this literature that

focus on developing new weighting densities using state-of-the-art statistical techniques.

For instance, Hajargasht and Woźniak (2020) use variational Bayes posterior output;

McEwen et al. (2021) use a kernel density or a Gaussian mixture density estimated by

using posterior samples; Polanska et al. (2023) apply normalizing flows; Metodiev et al.

(2024) use a uniform density over a spherical set chosen to minimize the variance of the

estimator.8 This paper focuses on the general properties of the modified HMEs, and

the pseudo-bias correction method developed in this paper is widely applicable to these

studies.

This paper also contributes to the extensive literature on model comparison in macroe-

conomics. Recent studies using both the Geweke and SWZ estimators or solely the SWZ

estimator are Bianchi (2013), Chen et al. (2022), Davig and Doh (2014), Gemma et al.

(2023), Hubrich and Tetlow (2015), Inoue and Shintani (2018), Liu et al. (2016) among

others.9 For instance, Chen et al. (2022) and Hubrich and Tetlow (2015) estimate Markov-

Switching (MS) DSGE models and MS-VAR models, respectively, and apply the SWZ

estimator to select the number of regimes.10 Inoue and Shintani (2018) estimate New

Keynesian Phillips curves and DSGE models and use both the Geweke and SWZ esti-

mators for model selection. This paper contributes to the literature by providing further

support for the use of these estimators by demonstrating their accuracy through the

lens of simulation pseudo-bias and by running simulations using a DSGE model. An-

other technical contribution is to introduce the concept of simulation pseudo-bias into

econometrics, a topic that has received limited attention so far.

Structure of the paper. Section 2 introduces the original and modified HMEs, presents

the main proposition that the modified estimators exhibit smaller pseudo-bias, explains

the importance-sampling interpretation of this proposition, and offers an illustrative ex-

ample. Section 3 develops a pseudo-bias correction method for the modified HMEs and

discusses its implications for commonly used weighting densities. Section 4 provides some

examples of weighting densities. Section 5 confirms the theoretical predictions through

Monte Carlo simulations, while Section 6 revisits Smets and Wouters (2007). Finally, Sec-

tion 7 concludes by summarizing the findings and outlining directions for future research.

8Also see Raftery et al. (2007) and Wang et al. (2018). Fuentes-Albero and Melosi (2013) take a
slightly different approach by leveraging a special structure of a model in which the conditional posterior
density of a certain parameter block can be analytically computed.

9Geweke’s estimator is also widely used in the macroeconomic literature, and its applications span
various models, including heterogeneous agent New Keynesian and structural VAR models. Recent
examples include Adjemian et al. (2024), Bayer et al. (2024), Brunnermeier et al. (2021), Bianchi and
Nicolò (2021), Breitenlechner et al. (2022), and Lenza and Primiceri (2022).

10Chen et al. (2022) report that the estimates of Geweke and SWZ are similar. In contrast, Davig and
Doh (2014) estimate MS-DSGE models and report that the SWZ estimator was unstable in their case,
leading to the use of Geweke’s estimator.
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Appendix A contains the proofs of the propositions, and the Supplementary Appendix

provides derivations, algorithms, and additional information.

2 Simulation pseudo-bias in the (modified) harmonic

mean estimators of marginal likelihood

How do we compute the marginal likelihood in practice when its closed-form solution

is not available? Equation (1) implies that the marginal likelihood can be computed

through Monte Carlo integration by drawing samples from the prior distribution and

taking an average of the likelihood evaluated at these samples. Such a naive estimator

is, however, rarely used in practice due to its computational inefficiency, particularly

for high-dimensional problems. This inefficiency arises because many samples contribute

negligibly to the integration, as the prior distribution is typically much more dispersed

than the likelihood function. This computational challenge of the naive Monte Carlo esti-

mator led to the development of alternative estimators, such as the original and modified

HMEs. In this section, I first explain HMEs and then introduce the concept of simulation

pseudo-bias.

2.1 The original and modified harmonic mean estimators

The original HME (Newton and Raftery, 1994) is valued for its computational simplicity.

The original HME is based on the following identity:

p(y)−1 = Ep(θ|y)

[
1

p(y|θ)

]
, (2)

where Ep(θ|y)[·] denotes expectation with respect to the posterior distribution p(θ|y).
Therefore, the naive finite-sample analogue for this equality is

p̂HME(y)
−1 ≡ 1

N

N∑
i=1

1

p(y|θ(i))
(3)

where θ(i) is a sample from p(θ|y), N is the number of samples, and p(y|θ(i)) is the likeli-
hood evaluated at the ith posterior sample. As these likelihoods are typically computed

within a posterior sampling algorithm, no additional computations are needed.

The modified HME (Gelfand and Dey, 1994) is a generalization of the original HME.

It is well known in the literature (e.g., Chib and Jeliazkov (2001)) that its accuracy is

comparable to that of more computationally intensive estimators. It is based on the
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following identity:

p(y)−1 = Ep(θ|y)

[
w(θ)

p(y|θ)p(θ)

]
, (4)

where w(θ) is a weighting density that satisfies
∫
Θ
w(θ)dθ = 1.11 Some examples of w(θ)

are summarized in Section 4. Then, similarly to the original HME, its sample analogue

leads to the modified HME as follows:

p̂MHME(y)
−1 ≡ 1

N

N∑
i=1

w(θ(i))

p(y|θ(i))p(θ(i))
. (5)

Note that the original HME is a special case of the modified HME, in which the weighting

density is set to be the prior distribution.

The flexibility of the weighting density enhances its accuracy for two reasons. First, it

improves computational efficiency by approximating the posterior distribution. Second,

it ensures a finite variance when the tail of the weighting density is thinner than that

of the unnormalized posterior, as discussed in Gelfand and Dey (1994); Chib (1995);

Geweke (1999). Nevertheless, I argue that these are not the only factors contributing

to its well-established superior accuracy; computational bias, referred to as simulation

pseudo-bias by Lenk (2009), also plays a significant role.

By restricting the integration limits of equation (4) to A ⊆ Θ, we can derive an identity

regarding the modified HME that provides the foundation for the pseudo-bias comparison

between the original and modified HMEs and the pseudo-bias correction method.12

Theorem 1 (A modified HME identity). For any subset A ⊆ Θ withW (A) ≡
∫
A
w(θ)dθ >

0 and p(θ|y) > 0 almost everywhere in A, we have

p(y) = P (A)

[∫
A

w(θ)

p(y|θ)p(θ)
p(θ|y)dθ

]−1

. (6)

Proof. Equation (6) follows from Bayes’ theorem p(θ|y) = p(y|θ)p(θ)
p(y)

and simple algebra.

See Appendix A for details.

2.2 Simulation pseudo-bias in the harmonic mean estimators

Simulation pseudo-bias. Let us now formally define the posterior simulation support

and simulation pseudo-bias of the HMEs. Following Lenk (2009), the posterior simulation

support of the parameter θ is defined as

A = {θ ⊆ Θ : p(y|θ) > L}, where L = min
θ∈{θ(i)}Ni=1

p(y|θ). (7)

11See Supplementary Appendix D for the derivation.
12A similar expression is derived for the original HME by Lenk (2009) and Pajor and Osiewalski (2013).
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The simulation support should equal the whole parameter space Θ when the sampler

runs infinitely long, but in practice A is strictly smaller than Θ due to the finite-sample

nature of simulation.

Since both the original and modified HMEs are computed using the posterior samples,

what they actually compute is not the right-hand-side values in equations (2) and (4),

but those integrated under the simulation support A. Therefore, the original (3) and

modified (5) HMEs can be written in integral form, respectively, as follows:

p̂HME(y)
−1 ≈

∫
A

1

p(y|θ)
p(θ|y)dθ (8)

and

p̂MHME(y)
−1 ≈

∫
A

w(θ)

p(y|θ)p(θ)
p(θ|y)dθ. (9)

The difference between the true marginal likelihood and the HMEs (8) (9) is defined as

the simulation pseudo-bias:

PBHME(y) ≡

[∫
A

1
p(y|θ)p(θ|y)dθ

]−1∫
Θ
p(y|θ)p(θ)dθ

(10)

and

PBMHME(y) ≡

[∫
A

w(θ)
p(y|θ)p(θ)p(θ|y)dθ

]−1∫
Θ
p(y|θ)p(θ)dθ

. (11)

The main proposition of this paper is that the modified HME exhibits smaller simu-

lation pseudo-bias than the original HME.

Proposition 1 (Simulation pseudo-bias in the original and modified HMEs). If the prob-

ability of the simulation support evaluated by the weighting density W (A) ≡
∫
A
w(θ)dθ is

larger than the prior probability of the simulation support P (A) ≡
∫
A
p(θ)dθ, the simula-

tion pseudo-bias of the modified HME is smaller than that of the original HME.

Proof. Theorem 1 and the definition of pseudo-bias for the original (10) and modified

(11) HMEs give

PBMHME(y) = W (A)−1 < P (A)−1 = PBHME(y) (12)

by the assumption that W (A) > P (A), and the proposition follows.

The assumption of W (A) > P (A) is usually satisfied in practice. This is because

the weighting density is parameterized with information from posterior samples, whereas

the prior distribution is much more dispersed than the posterior. It is common to use
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information from posterior samples to specify the weighting density, because the modi-

fied HME equals the exact marginal likelihood when the weighting density matches the

posterior density and gains computational efficiency when the overlap is large. Therefore,

in practice, the modified HME is more robust to simulation pseudo-bias than the original

HME.13

Proposition 1 provides a new explanation for the well-known accuracy of modified

HMEs based on simulation studies. Specifically, the proposition shows that the accu-

racy of the modified HME is attributable not only to its computational efficiency and

finite variance, as is known in the literature, but also to a smaller pseudo-bias when the

weighting density is carefully constructed.

Furthermore, Proposition 1 implies that the pseudo-bias is positive, because P (A)−1 ≥
1 andW (A)−1 ≥ 1 by the definition of probability. The mechanism of the positive pseudo-

bias will be clearly illustrated in the importance-sampling interpretation explained next.

Importance sampling interpretation. Rewriting the HMEs as importance sampling

clearly illustrates the source of simulation pseudo-bias.14 Lenk (2009) argued that the

original HME suffers from the pseudo-bias because the empirical support of the prior

distribution is wider than that of the posterior density, i.e., the absolute continuity con-

dition of importance sampling does not hold in simulation. More formally, equation (2)

can be rewritten as importance sampling by noting that

Ep(θ|y)

[
1

p(y|θ)

]
=

∫
Θ

1

p(y|θ)
p(θ|y)dθ

= p(y)−1

∫
Θ

p(θ)

p(θ|y)
p(θ|y)dθ.

(13)

Equation (13) implies that the original HME is a form of importance sampling, where

the target distribution is the prior and the proposal distribution is the posterior. Then,

the absolute continuity condition is violated in simulation because the prior distribution

is more dispersed than the posterior, even though they have the same support in theory.

On the other hand, for the modified HME, equation (4) can also be expressed as

13Note that this proposition does not claim that the modified HME has smaller pseudo-bias for all
possible weighting density w(θ). One could construct an extreme example, such as a weighting den-
sity whose support is disjoint from the posterior distribution. However, in practice, since we aim to
approximate the posterior distribution with w(θ), such cases are irrelevant.

14See Supplementary Appendix D, as well as Chan et al. (2020) and references therein, for more details
on importance sampling.
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importance sampling:

Ep(θ|y)

[
w(θ)

p(y|θ)p(θ)

]
=

∫
Θ

w(θ)

p(y|θ)p(θ)
p(θ|y)dθ,

= p(y)−1

∫
w(θ)

p(θ|y)
p(θ|y)dθ.

(14)

The second term in the last equation indicates importance sampling, where the target and

proposal distributions are the weighting and posterior densities, respectively. Since the

empirical support of the weighting density, parameterized by information from posterior

samples, is closer to the posterior density, the absolute continuity condition is more likely

to hold in simulation. Consequently, the simulation pseudo-bias of the modified HME is

small.

As implied in Proposition 1 and equations (13) and (14), simulation pseudo-bias is

positive. Take the original HME as an example. The overestimation occurs because

the simulated samples from the posterior distribution are concentrated in regions where
p(θ)
p(θ|y) < 1 in (13) when the prior is more dispersed than the posterior, leading to an

underestimation of the reciprocal of the marginal likelihood.

2.3 An illustrative example

A simple example illustrates the mechanism underlying simulation pseudo-bias and the

accuracy of the modified HMEs. Suppose that we observe T = 100 scalar data {yt}Tt=1

generated i.i.d. from a normal distribution with mean µ = 0 and variance σ2 = 1, where

σ2 is known and µ is the parameter of interest. We put a normal prior distribution with

mean µ0 = 0 and variance V0 = 2 on µ. Since this prior is conjugate, the posterior

distribution is also normal with mean µT = T ȳ/σ2+µ0/V0

T/σ2+1/V0
and variance VT = (T/σ2 +

1/V0)
−1, where ȳ = T−1

∑T
t=1 yt. In this case, the marginal likelihood can be computed

analytically using the following formula:15

p(y) = (2πσ2)−T/2

(
VT

V0

)1/2

exp

{
−1

2

(∑T
t=1 y

2
t

σ2
+

µ2
0

V0

− µ2
T

VT

)}
. (15)

Figure 1 presents the posterior distribution, weighting densities including the prior

distribution, and the marginal likelihood estimates. The black marker (plus) in the right

panel represents the estimate by the original HME, which overestimates the marginal

likelihood due to the pseudo-bias. Recall that the HME is a modified HME using the prior

distribution as the weighting density. As shown in the left panel, the prior distribution

15See Supplementary Appendix B.1 for the derivation of the posterior distribution and the marginal
likelihood.
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is more dispersed than the posterior distribution, which violates the absolute continuity

condition of importance sampling in simulation. To understand the source of the pseudo-

bias more mechanically, note that the approximation of the second term in equation

(13) is likely to be less than unity, i.e.,
∫
Θ

p(θ)
p(θ|y)p(θ|y)dθ ≈ 1

N

∑N
i=1

[
p(θ(i))

p(θ(i)|y)

]
< 1, since

most samples θ(i) from the proposal distribution lie in the area where p(θ(i))

p(θ(i)|y) < 1. As

a result, the original HME overestimates the marginal likelihood, since the reciprocal is

underestimated.
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Figure 1: Densities and estimates of the marginal likelihood

Note: The left panel displays the posterior distribution and weighting densities. The black curve repre-
sents the prior distribution, which corresponds to the “weighting” density of the original HME. The red
and magenta curves represent the weighting densities of the modified HMEs, with the former having a
larger variance. The green dashed curve corresponds to the weighting density of the “exact” modified
HME, where the weighting density matches the posterior distribution. The right panel shows the esti-
mates, and the black line shows the true value computed by equation (15).

On the other hand, the estimates by the modified HME are closer to the true value,

as shown by the red and magenta markers (cross) in the right panel. For these two

HMEs, the weighting density is a normal distribution centered at µT with different vari-

ances: the red corresponds to a larger variance, and the magenta corresponds to a smaller

variance. As the variance decreases, the weighting density approaches the posterior dis-

tribution, making the absolute continuity condition more likely to hold in simulation.

Mechanically, the second term of equation (14) approaches the theoretical value of unity∫ w(θ)
p(θ|y)p(θ|y)dθ ≈ 1

N

∑N
i=1

[
w(θ(i))

p(θ(i)|y)

]
≈ 1 because samples from the posterior distribution

are more likely to balance w(θ(i))

p(θ(i)|y) > 1 and w(θ(i))

p(θ(i)|y) < 1.

Finally, the estimate equals the true value, up to computation error, when the weight-

ing density is set to the posterior density, as illustrated by the green marker (circle) in

the right panel. This result follows from equation (14), as the modified HME recovers the
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exact marginal likelihood when the weighting density is set to the posterior distribution.

Note that using a weighting density that is more concentrated than the posterior is

unproblematic from the perspective of simulation pseudo-bias, as it satisfies the abso-

lute continuity condition. However, the concern now becomes computational efficiency:

a larger number of samples is required for the estimator to converge because impor-

tance sampling approximates the integration using a more dispersed proposal distribution

than the target. Once converged, however, there is no pseudo-bias for such estimators,

whereas the HMEs that violate the absolute continuity condition in simulations still

exhibit pseudo-bias even after convergence. Hence, there is a trade-off between pseudo-

bias and computational efficiency. If sampling from the posterior distribution is more

costly than evaluating the weighting density and implementing the pseudo-bias correc-

tion method proposed in the next section, it is better to use the correction method with

a wider weighting density.

3 Pseudo-bias correction for the modified harmonic

mean estimator

Although the modified HME has a smaller simulation pseudo-bias than the original HME,

it is not entirely free of it and may still require a pseudo-bias correction method, depending

on the specification of the weighting density. Proposition 2 provides a method to remove

the pseudo-bias from the modified HME.

Proposition 2 (Simulation pseudo-bias correction). The pseudo-bias-corrected modified

HME can be computed by the following equality:

p(y) = W (A)

[∫
A

w(θ)

p(y|θ)p(θ)
p(θ|y)dθ

]−1

. (16)

The correction factor W (A) can be estimated by, for instance, importance sampling:

Ŵ (A) =
1

J

J∑
j=1

1A(θ
(j))

w(θ(j))

q(θ(j))
, (17)

where θ(j) is a sample from the proposal density q and 1A(a) is an indicator function

taking the value of 1 if a ∈ A and 0 otherwise.

Proof. Putting A = A in Theorem 1 provides the equality (16). The estimation of W (A)

relies on importance sampling:

W (A) =

∫
A

w(θ)dθ =

∫
B

1A(θ)w(θ)dθ =

∫
B

1A(θ)
w(θ)

q(θ)
q(θ)dθ,
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where q(θ) denotes a proposal distribution with support B such that A ⊆ B.

Remark 1: The second term of (16) is not pseudo-biased because the limits of inte-

gration are restricted to the posterior simulation support. In other words, the absolute

continuity condition in importance sampling always holds in the second term. Hence,

the interpretation of this correction method is straightforward: first, restrict the limits of

integration from Θ to its subset A such that the absolute continuity condition holds in

simulation, and then adjust for this restriction by multiplying the scaling factor W (A).

Remark 2: Proposition 2 is equivalent to the pseudo-bias correction method of Lenk

(2009) in the case of the original HME. Replacing w(θ) with p(θ), we have

p(y) = P (A)

[∫
A

1

p(y|θ)
p(θ|y)dθ

]−1

,

which is equivalent to Equation 2.1 in Lenk (2009).

Remark 3: Theoretically, any subset of A removes the pseudo-bias. However, using

A is computationally advantageous because the second term in (16) is equivalent to the

uncorrected marginal likelihood estimated by the modified HME in (5), and hence, only

the evaluation of W (A) is required for the pseudo-bias correction.

Remark 4: When a direct sampling method is available for drawing samples from

w(θ), W (A) can also be calculated as the proportion of samples that lie within A. This

is indeed the approach of Sims et al. (2008), as explained in Supplementary Appendix A.

Discussion. This correction method has two implications for the weighting densities

commonly used in practice. First, it provides a method to “robustify” a given weighting

density. Specifically, once we choose a weighting density w̃(θ), the method provides

another weighting density as ˜̃w(θ) = 1A(θ)w̃(θ)/W (A) and it can be used as a weighting

density in the modified HME in equation (5).

Second, and more importantly, it provides a theoretical rationale for some existing

modified HMEs that incorporate truncation in their weighting densities. For instance,

Geweke’s estimator uses the truncated normal distribution as a weighting density. Fur-

thermore, the SWZ estimator truncates the parameter space where the unnormalized

posterior density falls below a specified quantile of the realized values. Hence, the SWZ

estimator is already “robustified” against pseudo-bias. Both Geweke (1999); Sims et al.

(2008) discuss the reason for truncation from the perspective of the absolute continuity

condition in the population, which is a necessary condition for the modified HME to have

finite moments (Gelfand and Dey, 1994), but not in simulation. Hence, the correction

method (16) provides a formal computational rationale for the truncations commonly

used in practice.
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4 Examples of the modified harmonic mean estima-

tors

In this section, I review three types of weighting densities that are commonly used in

the literature and studied in the Monte Carlo simulations in Section 5 and the empirical

application in Section 6.16 The first two estimators, proposed by Geweke (1999) and

Sims et al. (2008), are most frequently used in macroeconomic applications. Hence,

studying their accuracy provides valuable insights into the macroeconomic literature.

The other estimator is a modified HME using a uniform distribution as the weighting

density. Although this weighting density offers a poor approximation of the posterior

distribution, it serves as a useful benchmark in two respects. First, comparing it with

the original HME allows us to assess how robust the modified HME is even under a

poor approximation, thereby providing an upper bound on its sensitivity to pseudo-bias.

Second, comparing it with the estimators proposed by Geweke (1999) and Sims and Zha

(1998) highlights the importance of carefully selecting the weighting density.

Geweke’s estimator. Geweke (1999) uses a truncated multivariate normal density as

a weighting density:

wGeweke(θ) = τ−1(2π)−k/2|Ω̄|−1/2 exp

(
−1

2
(θ − θ̄)′Ω̄−1(θ − θ̄)

)
1(θ ∈ Θ̄),

where Θ̄ = {θ : (θ − θ̄)′Ω̄−1(θ − θ̄) ≤ F−1
χ2
k
(τ)}, θ̄ and Ω̄ are the posterior mean and

covariance matrix of θ calculated by the posterior samples, k is the dimension of θ,

τ ∈ (0, 1) is a tuning parameter, and F−1
χ2
k
(τ) is an inverse of a χ2 CDF with k degrees

of freedom. I use τ = 0.9 in the simulation. This estimator is particularly convenient

because it only requires the output from the MCMC algorithm, such as the posterior

samples and their corresponding unnormalized posterior densities.

Sims, Waggoner, and Zha’s estimator. Sims et al. (2008) proposed a weighting

density function wSWZ(θ) to handle the non-Gaussian posterior distribution with poten-

tial multimodality by extending Geweke’s estimator in three aspects. First, the SWZ

estimator centers the distribution at the posterior mode, whereas Geweke’s estimator

centers at the posterior mean. Second, its weighting density is a more general form of

an elliptical density function g(θ), while Geweke’s weighting density is a truncated mul-

tivariate normal density. Third, it introduces an additional truncation criterion based on

the unnormalized posterior density.

16For detailed algorithms to compute these estimators, see Supplementary Appendix A.
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Formally, they propose the following weighting density:

wSWZ(θ) = q−1
L g(θ)1(θ ∈ Θ̂)

where

g(θ) =
Γ(k/2)

2πk/2|Ŝ|
f(r(θ))

r(θ)k−1
, (18)

r(θ) =

√
(θ − θ̂)′Ω̂−1(θ − θ̂), θ̂ is a posterior mode, Ω̂ = 1

N

∑N
i=1(θ

(i) − θ̂)(θ(i) − θ̂)′,

Ŝ is the lower triangle of Cholesky decomposition of Ω̂, f(·) is any one-dimensional

probability density defined on the positive reals. Their truncation criterion is based on

two conditions: Θ̂ = {θ : p(y|θ)p(θ) > L1−q, r(θ) ∈ [a, b]} where L1−q is the1 − q-th

percentile of the realized unnormalized posterior density {p(y|θi)p(θi)}Ni=1 and Sims et al.

(2008) recommend using q = 0.9. a, b, and ν are chosen to truncate approximately 10%

of the tails of the posterior distribution, with their formal definitions provided below. qL

is the normalizing constant ensuring that
∫
Θ
wSWZ(θ)dθ = 1.

Since the elliptical distribution in equation (18) only requires f(r) to be a one-

dimensional probability density function defined on positive reals, Sims et al. (2008)

use the following parametric form:

f(r) =

 νrν−1

bν−aν
if r ∈ [a, b]

0 otherwise

where a, b and ν are parameters defined as follows. Let c1, c10 and c90 be the 1st,

10th, and 90th percentile values of the posterior draws {r(i)}Ni=1 computed as r(i) =√
(θ(i) − θ̂)′Ω̂−1(θ(i) − θ̂). Then, set ν = log(1/9)

log(c10/c90)
, a = c1 and b = c90

0.9
1
ν
so that r ∈ [a, b]

contains approximately 90% of the posterior samples.

Computing the normalizing constant qL requires additional simulations. In this paper,

I use the direct sampling algorithm proposed by Sims et al. (2008) to draw from g(θ),

supplemented by inversion sampling to draw from f(r). Then, qL can be evaluated as the

proportion of samples from g(θ) that lie in Θ̂.17 Supplementary Appendix A.3 provides a

detailed algorithm to implement the SWZ estimator, including the computation of qL.
18

Note that the SWZ estimator already incorporates pseudo-bias correction, as it trun-

cates the parameter space based on the realized unnormalized posterior density, which

17I also applied importance sampling to evaluate qL, but my computational experience suggests that
direct sampling is computationally more stable and accurate than importance sampling.

18As far as I know, a complete algorithm of the SWZ estimator is not available in the literature. For
instance, the description in Sims et al. (2008) omits the algorithm to sample from f(r) and is somewhat
complicated, while Herbst and Schorfheide (2016) assumes that we can sample from g(θ) without ex-
plaining how such a sampling method can be implemented. The algorithm provided in Supplementary
Appendix A.3 should address these gaps and make the SWZ estimator more accessible to researchers.
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forms the first condition in Θ̂. The authors justify truncation as a way to prevent the

likelihood from approaching zero in the interior of the parameter space, which can make

estimates unreliable. In contrast, this paper offers a different perspective: such truncation

criteria make the estimator less affected by simulation pseudo-bias.

A uniform weighting density. We can also use a much simpler probability distri-

bution as a weighting density, such as a uniform distribution.19 Specifically, I consider

a uniform density whose support is defined on a hyperrectangle based on the posterior

samples, ×k[minN
i=1(θ

(i)
k ),maxNi=1(θ

(i)
k )], with some truncation of the edges. In this paper,

I truncate 10% from each edge of the rectangle. This 10% truncation is chosen to illus-

trate the sensitivity to simulation pseudo-bias. In practice, we could truncate more to

mitigate pseudo-bias, but note that this is not a free lunch. Larger truncation reduces

the estimator’s computational efficiency, requiring more samples from the posterior dis-

tribution for convergence. Therefore, this trade-off depends on the computational cost

of implementing the pseudo-bias correction and the cost of generating samples from the

posterior distribution.

5 Monte Carlo simulation evidence

In this section, I conduct two types of Monte Carlo simulations to investigate the accuracy

and sensitivity to pseudo-bias of the modified HMEs in a practical setup. The first

simulation is based on Bayesian linear regression models, and I change the number of

observations and regressors to examine how model complexity affects pseudo-bias and

estimation accuracy. I set a conjugate prior distribution so that the marginal likelihood

can be computed analytically and used as a benchmark. The second simulation is based on

small-scale New Keynesian DSGE models to study macroeconomic applications. Since no

analytical formula for the marginal likelihood is available in this case, I apply a sequential

Monte Carlo (SMC) sampler, which provides an estimate of the marginal likelihood as a

by-product of the sampling procedure.20

19Lenk (2009) uses this type of weighting density as a poor approximation of the posterior distribution
in its Monte Carlo simulation, and Metodiev et al. (2024) proposes a new estimator extending the uniform
weighting density.

20I checked that the SMC estimate of the marginal likelihood is accurate even in a small-scale mul-
timodal state-space model whose marginal likelihood can be well-approximated by naive Monte Carlo
integration. For a survey of SMC in economics, see Creal (2012).
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5.1 Bayesian linear regression models

Model. Suppose that data {yt}Tt=1 is generated by the following data-generating pro-

cess:

yi = X ′
iβ + εi, εi

iid∼ N (0, σ2)

for i = 1, 2, ..., T , or by stacking them,

y = Xβ + ε, ε ∼ N (0, σ2IT ),

where β is a k-dimensional vector of regression coefficients and X is a T × k matrix of

regressors. We set the following conjugate prior distributions on β and σ2:

β|σ2 ∼ N (β0, σ
2V0), σ2 ∼ IG(v0, v1).

Then, the (full conditional) posterior distributions and the marginal likelihood can be

derived as follows:21

β|σ2, y,X ∼ N (βT , σ
2VT ), σ2|y,X ∼ IG(ṽ0, ṽ1)

where ṽ0 = T/2+ v0, ṽ1 =
[

1
v1

+ 1
2
(y′y + β′

0V
−1
0 β0 − β′

TV
−1
T βT )

]−1

, VT = (X ′X +V −1
0 )−1,

βT = (X ′X + V −1
0 )−1(X ′y + V −1

0 β0) = VT (X
′y + V −1

0 β0), and

p(y|X) = (2π)−T/2 |VT |1/2

|V0|1/2
Γ(ṽ0)(ṽ1)

ṽ0

Γ(v0)(v1)v0
.

Simulation setup. In each simulation, the true values of β and σ2 are sampled from

their prior distributions, and each element of X is randomly sampled from N (0, 1). I use

different pairs of the number of observations (T ) and the number of regressors (nx) to eval-

uate the effect of model complexity: (T, nx) = (25, 3), (100, 3), (100, 10), (100, 20), (100, 40), (200, 100),

following Pajor (2017). The parameters of the prior distribution are set as β0 = 0, V0 =

7Ik, v0 = 3, v1 = 2.5. I use the Gibbs sampler to draw 45, 000 samples from the posterior

distribution, discarding the first 5, 000 samples as burn-in. I run 160 simulations and

compare the estimates of various HMEs with the analytical marginal likelihood. The

SWZ estimator requires a posterior mode, which can be obtained analytically in this

case: the posterior modes of β and σ2 are βT and 1/ṽ1
ṽ0+1

, respectively.

21See Supplementary Appendix B.2, as well as Chan et al. (2019), for the derivation of the posterior
distribution and the marginal likelihood.
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Simulation results. The Monte Carlo simulation confirms the main proposition of the

paper that the modified HME has a smaller simulation pseudo-bias.22 Figure 2 presents

the simulation results for a moderate-sized Bayesian linear regression model with 100

observations and 20 regressors, and shows that the accuracy improvement provided by

the pseudo-bias correction is much smaller for the modified HMEs than for the original

HME. Specifically, Figure 2a shows that pseudo-bias correction reduces the mean error

of the original HME from 55 to almost zero, while the largest improvement among the

modified HMEs is observed for the uniform weighting density, and the reduction is only

about 4.23 Geweke’s estimator is already accurate without pseudo-bias correction, and

the correction barely improves the accuracy. Note that there is no pseudo-bias-corrected

SWZ estimator, as it implicitly incorporates pseudo-bias correction by construction.

Harmonic mean Uniform Geweke SWZ
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(b) The mean and CV of W (A)

Figure 2: The Bayesian linear regression model with T = 100, nx = 20

Note: This figure summarizes the results of the Monte Carlo simulation exercise based on the Bayesian
linear regression model with T = 100, nx = 20, using results from 160 simulations. Harmonic Mean is the
original harmonic mean estimator; Uniform is the modified harmonic mean estimator with the uniform
weighting density; Geweke is the estimator proposed by Geweke (1999); and SWZ is the estimator
proposed by Sims, Waggoner and Zha (2008). Figure 2a reports the mean error, computed as (estimate
- true value), along with its one-standard-deviation band. Corrected indicates the pseudo-bias-corrected
estimate obtained using method (16). Figure 2b presents the mean probability of the posterior simulation
support evaluated by the weighting density w estimated through (17).

Nonetheless, pseudo-bias correction improves certain modified HMEs, implying that

they are not entirely free from pseudo-bias. Specifically, the pseudo-bias of the modified

HME with the uniform weighting density is classified as “strong” on the scale of Kass

and Raftery (1995) as shown in Table 1. We can also observe the degree of pseudo-bias

22Supplementary Appendix C shows scatter plots of the errors and confirms the findings explained in
the section, both for the regression and DSGE models.

23Given the high accuracy obtained by the pseudo-bias corrected original HME, some readers may
conclude that it should always be preferred over modified HMEs because it does not require a specific
choice of weighting density. However, this reasoning is not true, as the HME is not agnostic about the
choice of the weighting density. Rather, it implicitly assumes that the weighting density is the prior
distribution.
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from a different perspective by examining the scaling factor for pseudo-bias correction,

W (A), which measures the probability of posterior simulation support evaluated by the

weighting density. The closer the scaling factor is to unity, the less the estimator is

affected by the simulation pseudo-bias. Figure 2b shows that the modified HMEs have

larger mean estimates of the scaling factor than the original HME. For instance, Geweke’s

estimator has the largest scaling factor, which is almost unity, whereas the original HME

has a value close to zero. The scaling factor for the modified HME with the uniform

weighting density is 0.011, indicating its moderate sensitivity to pseudo-bias.

2 ln(B1,2) Grades of Evidence
0 to 2 Barely worth mentioning
2 to 6 Positive
6 to 10 Strong
> 10 Very strong

Table 1: Kass and Raftery (1995) scale

Note: This table summarizes the interpretation of evidence strength proposed by Kass and Raftery
(1995), based on differences in marginal likelihoods when comparing two models.

Similar to Lenk (2009), we observe that more complex models tend to generate larger

pseudo-bias, while the modified HMEs have smaller pseudo-bias than the original HME

across all specifications. Table 2 summarizes the simulation results for various combi-

nations of the number of observations and regressors. For all specifications, pseudo-bias

correction improves the accuracy of the modified HMEs much less than that of the orig-

inal HME, implying that the modified HME is less affected by the pseudo-bias. The

mean of the estimated W (A) also confirms this observation, because the W (A) of the

original HME is much smaller than that of the modified HMEs. Turning to the effect

of model complexity on pseudo-bias, as the number of regressors grows, pseudo-bias in-

creases for all estimators except Geweke’s. For instance, while the pseudo-bias of the

modified HME with the uniform weighting density is classified as “positive” with ten

regressors, it becomes “strong” with twenty regressors and “very strong” with more than

forty.
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(T , nx) HM C-HM Unif C-Unif Geweke C-Geweke SWZ

(25, 3) ME 5.48 -0.60 0.11 -0.66 0.00 -0.00 -0.00
Std 1.37 0.70 0.33 0.42 0.01 0.01 0.00

RMSE 5.65 0.92 0.35 0.79 0.01 0.01 0.00
mean: P (A) — 4e-03 — 0.49 — 1.00 —

(100, 3) ME 8.35 -0.49 0.08 -0.24 -0.00 -0.00 -0.00
Std 1.40 0.65 0.42 0.43 0.00 0.00 0.00

RMSE 8.46 0.81 0.42 0.49 0.00 0.00 0.00
mean: P (A) — 3e-04 — 0.74 — 1.00 —

(100, 10) ME 27.10 -0.95 1.30 -0.49 -0.00 -0.00 -0.00
Std 2.33 0.98 0.83 0.85 0.00 0.00 0.00

RMSE 27.20 1.36 1.54 0.98 0.00 0.01 0.00
mean: P (A) — 3e-12 — 0.19 — 1.00 —

(100, 20) ME 54.85 -1.37 4.14 -0.91 -0.01 -0.01 -0.00
Std 2.86 1.21 1.34 1.37 0.00 0.00 0.01

RMSE 54.93 1.82 4.35 1.64 0.01 0.01 0.01
mean: P (A) — 6e-24 — 0.01 — 1.00 —

(100, 40) ME 109.91 -2.05 14.12 -1.77 -0.02 -0.03 -0.02
Std 3.45 1.74 1.91 2.19 0.02 0.02 0.01

RMSE 109.96 2.69 14.25 2.82 0.03 0.03 0.02
mean: P (A) — 3e-47 — 3e-07 — 1.00 —

(200, 100) ME 316.91 -1.58 50.19 0.07 -0.13 -0.34 -0.12
Std 5.59 1.07 2.78 2.88 0.01 0.23 0.01

RMSE 316.96 1.90 50.27 2.87 0.13 0.41 0.12
mean: P (A) — 1e-133 — 1e-19 — 0.83 —

Table 2: Summary of the Monte Carlo simulation using Bayesian linear regression models

Note: This table summarizes the mean error (ME, approximation - true), standard deviation of the error
(Std), root mean squared error (RMSE), and the mean estimate of P (A). T and nx are the number
of observations and regressors, respectively. HM is the original harmonic mean estimator; Unif is the
modified harmonic mean estimator with uniform weighting density; Geweke is the estimator proposed by
Geweke (1999); SWZ is the estimator proposed by Sims, Waggoner and Zha (2008). The prefix C indicates
that the estimate is simulation pseudo-bias corrected. These values are based on 160 simulations.

Finally, Geweke’s estimator remains accurate without pseudo-bias correction across

all specifications. This is because the joint posterior density is nearly Gaussian: the

posterior distribution of the regression coefficient is Gaussian, whereas only the posterior

of the error variance follows an inverse-gamma distribution in this model. The SWZ

estimator is also accurate for the same reason.

5.2 A small-scale New Keynesian dynamic stochastic general

equilibrium model

The next simulation exercise employs a textbook-style three-equation New Keynesian

DSGE model, consisting of the Euler equation, the hybrid New Keynesian Phillips curve,

and the inertial Taylor rule with demand, supply, and monetary policy shocks.24 This

24See, for instance, Walsh (2017) and Gaĺı (2015) for a textbook treatment of this class of models.
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model is relatively small compared to other workhorse DSGE models used in academic

and policy studies, such as the one in Smets and Wouters (2007). Still, it captures the

fundamental economic mechanisms common to most DSGE models, and its relatively

small size is advantageous for Monte Carlo simulations, as we need to repeatedly estimate

the model and compute the marginal likelihood.25

Model. We consider the following three-equation NK-DSGE model:

yt = Etyt+1 − γ(it − Etπt+1) + edt

πt = γbπt−1 + (1− γb)Etπt+1 + κyt + est

it = ρiit−1 + ϕππt + ϕyyt + emt

(19)

where edt = ρde
d
t−1 + σdε

d
t , e

s
t = σsε

s
t , e

m
t = σmε

m
t , β ∈ (0, 1), κ > 0, ϕπ > 1, ϕy ≥ 0,

ρd, γb, ρi ∈ [0, 1], and σd, σs, σm > 0. I assume εdt , ε
s
t , ε

m
t

iid∼ N (0, 1). The solution of this

model provides the state transition equation:

St = ΦSt−1 +Gεt (20)

where St = [yt, πt, it, e
d
t , e

s
t , e

m
t ]

′ and εt = [εdt , ε
s
t , ε

m
t ]

′. The observation equation is

Y o
t ≡

y
o
t

πo
t

iot

 = HSt + Σ1/2
u ut (21)

where ut
iid∼ N (0, I), Σu is the variance-covariance matrix of the observation error, and

the specific structure of Φ, G and H is summarized in Supplementary Appendix B.3.

Equations (20) and (21) provide a linear Gaussian state-space representation of the model,

and I use the Kalman filter to evaluate its likelihood. The prior distributions for the

parameters are standard and summarized in Table 3.

25For example, using a similar model, Cai et al. (2021) and Angelini et al. (2022) evaluate the per-
formance of their SMC algorithm and bootstrap diagnostic tests, respectively, through Monte Carlo
simulations.
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Parameter Description Distribution Mean Std Domain
γ Elasticity of intertemporal substitutiton Normal 1.5 0.375 (0,∞)
ϕπ Taylor rule coefficient on inflation Normal 1.5 0.25 (1,∞)
ϕy Taylor rule coefficient on output Normal 0.12 0.05 [0,∞)
κ Slope of the NKPC Gamma 0.1 0.1 (0,∞)
σd Std of a demand shock Inv-Gamma 0.5 1 (0,∞)
σs Std of a supply shock Inv-Gamma 0.5 1 (0,∞)
σm Std of a monetary policy shock Inv-Gamma 0.5 1 (0,∞)
ρd Persistence of demand shock Beta 0.5 0.2 [0,1]
γb Inflation inertia Beta 0.5 0.2 [0,1]
ρi Taylor rule inertia Beta 0.5 0.2 [0,1]

Table 3: Prior distribution for the three-equation New Keynesian models

Note: This table summarizes the prior distribution of the parameters in the three-equation New Keyne-
sian DSGE model. Std denotes the standard deviation.

I consider two variants of the model in the simulation to study the effect of model

complexity. One is the simple model that has no inertia, i.e., ρd = γb = ρi = 0. This

model is simple, so the solution can be obtained analytically as shown in the Supplemen-

tary Appendix B.3. The other is the extended model, which is the full model in (19), and

a requires numerical method, such as that of Uhlig (1995), to solve it.

When sampling from the posterior distribution, I use the sequential Monte Carlo

(SMC) sampler. This SMC approach is preferred because it estimates the marginal

likelihood as a by-product of the sampling, even though an analytical formula is not

available for the model.26 Specifically, following the algorithm described in Herbst and

Schorfheide (2014) and Herbst and Schorfheide (2016), the estimate of the marginal

likelihood by the SMC sampler is computed as follows:

p̂SMC(y) =

Nϕ∏
n=1

(
N∑
i=1

w̃i
nW

i
n−1

)
, (22)

where w̃i
n is the unnormalized weight at the correction step, and W i

n is the normalized

weight at the selection step. I use this estimate as a benchmark when comparing the

estimation accuracy of the HMEs.

Simulation setup. In the simulation, I generate a series of data {yt, πt, it}T=160
t=1 from

the state-space model (20) and (21), assuming that the initial state is at the steady

state. The true parameters are drawn from their prior distributions, whose standard

26The analytical formula is unavailable even for the simple model, despite the use of standard prior
distributions such as the normal or inverse-gamma distributions. Note that the model is non-linear in
parameters, even though it remains linear in states. Such nonlinearity eliminates the desirable property of
standard prior distributions that allows parameters to be integrated out of the joint probability density.
For a concrete example of the coefficient matrices, see equations (B.2) and (B.3) in Supplementary
Appendix B.3.
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deviations are deflated by a factor of 2, and I assume there is no observation error.

The simulation is repeated 160 times. I use the SMC sampler to draw samples from

the posterior distribution.27 When computing the SWZ estimator, I obtain a posterior

mode by maximizing the unnormalized log posterior density. Specifically, I iterate the

optimization 100 times, setting the initial value to a random sample from the posterior

particles. The result with the largest unnormalized log posterior density is selected as

the posterior mode.

Simulation results. The simulation results from the DSGE models generally align

with those from the Bayesian linear regression models and confirm that the modified

HME is less affected by the pseudo-bias.

Figure 3 illustrates the simulation results using the extended DSGE model. Figure 3a

shows that the modified HMEs are less affected by simulation pseudo-bias than the orig-

inal HME, as the pseudo-bias correction improves their accuracy less than it does for

the original HME. Specifically, the pseudo-bias correction reduces the mean error of the

original HME from 10 to nearly zero, while the improvement for the modified HMEs is

much smaller. Again, note that there is no pseudo-bias-corrected SWZ estimator, as it

implicitly incorporates pseudo-bias correction by construction.

27In the SMC sampling, I generate 5120 particles, and the number of stages is 50. I use a non-linear
tempering schedule, as described in Herbst and Schorfheide (2016), with a tempering parameter of λ = 2.
I resample to avoid weight degeneracy issues when the effective sample size drops below half its initial
size. The Metropolis-Hastings step is repeated twice during the mutation, and I use a Gaussian proposal
distribution. The targeted acceptance ratio is set to 0.25, and the scaling parameter and the variance-
covariance matrix of the proposal distribution are adaptively adjusted. For a more detailed explanation
of the implementation, see Supplementary Appendix B.3.
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Figure 3: The extended three-equation NK-DSGE model

Note: This figure summarizes the results of the Monte Carlo simulation exercise based on the extended
three-equation NK-DSGE model of (19), using results from 160 simulations. Harmonic Mean is the
original harmonic mean estimator; Uniform is the modified harmonic mean estimator with the uniform
weighting density; Geweke is the estimator proposed by Geweke (1999); and SWZ is the estimator
proposed by Sims, Waggoner and Zha (2008). Figure 3a reports the mean error, computed as (estimate
- true value), along with its one-standard-deviation band. Corrected indicates the pseudo-bias-corrected
estimate obtained using method (16). Figure 3b presents the mean probability of the posterior simulation
support evaluated by the weighting density w estimated through (17).

Nonetheless, pseudo-bias correction improves the modified HME with the uniform

weighting density, implying that the modified HME is not completely free from the

pseudo-bias. Specifically, its mean error is reduced by about 4 with pseudo-bias cor-

rection, suggesting that the pseudo-bias is “positive” on the scale of Kass and Raftery

(1995) shown in Table 1. Figure 3b also shows that it is moderately pseudo-biased be-

cause its mean W (A) is far from unity, while that of Geweke’s estimator is approximately

unity.

The simulation also confirms that the pseudo-bias increases as the model becomes

more complex. Table 4 shows that the pseudo-bias is larger for the extended model than

the simple model. For instance, the pseudo-bias for the original HME is approximately 6

in the simple model and 10 in the extended model. Similarly, for the modified HME with

the uniform weighting density, the error is “strong” in the extended model, whereas it is

“positive” in the simple model, on the scale of Kass and Raftery (1995). This finding is

also evident in the mean estimate of W (A) because it is larger in the simple model than

in the extended model for both the original and the modified HME with the uniform

weighting density.
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Model HM C-HM Unif C-Unif Geweke C-Geweke SWZ

Extended ME 9.98 -0.78 4.06 -0.60 -0.20 -0.24 -0.23
Std 2.37 0.73 1.31 0.89 0.32 0.32 0.32

RMSE 10.26 1.07 4.27 1.07 0.38 0.40 0.39
mean: P (A) — 9e-05 — 0.02 — 0.96 —

Simple ME 6.20 -0.56 2.29 -0.50 -0.04 -0.11 -0.11
Std 1.53 0.61 1.00 0.76 0.14 0.13 0.13

RMSE 6.39 0.82 2.50 0.90 0.15 0.18 0.18
mean: P (A) — 2e-03 — 0.08 — 0.93 —

Table 4: Summary of the Monte Carlo simulation using the small-scale DSGE models

Note: This table summarizes the mean error (ME, approximation - SMC), standard deviation of the
error (Std), root mean squared error (RMSE), and the mean estimate of P (A) for each approximation
method. HM is the original harmonic mean estimator; Unif is the modified harmonic mean estimator with
uniform weighting density; Geweke is the estimator proposed by Geweke (1999); SWZ is the estimator
proposed by Sims, Waggoner and Zha (2008). The prefix C indicates that the estimate is simulation
pseudo-bias corrected. Extended is the full three-equation NK-DSGE model with inertia in Equation
(19), and Simple is the version without inertia, i.e., ρd = γb = ρi = 0.

Finally, Table 4 shows that both Geweke’s estimator and the SWZ estimator are ac-

curate for both the simple and extended models. The superior performance of Geweke’s

estimator can be attributed to the standard shape of the posterior distribution of the

model’s parameters, as shown in Figure 4. The posterior distribution looks almost Gaus-

sian and is unimodal. For these standard posterior distributions, the truncated Gaussian

weighting density of Geweke’s estimator approximates the posterior distribution well, re-

sulting in an accurate estimate of the marginal likelihood. The SWZ estimator is also

accurate for the same reason.28 Furthermore, Herbst and Schorfheide (2014) show that

Geweke’s estimator provides a similar estimate to the SMC approximation for the DSGE

model of Schmitt-Grohé and Uribe (2012) under the original prior distribution, although

it tends to be slightly more volatile than the SMC estimate. The accuracy of Geweke’s

estimator observed in my simulations is consistent with their findings, and my results

further indicate that the SWZ estimator is similarly accurate. This result supports the

use of Geweke’s estimator, which is arguably the most widely used in macroeconomics,

as well as the SWZ estimator.

28If the posterior distribution is non-standard and multimodal, the SWZ estimator may outperform
Geweke’s estimator. Sims et al. (2008) argue that Geweke’s weighting density provides a poor approx-
imation for multimodal, non-Gaussian posteriors, which are often observed in Markov-Switching VAR
models.
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Figure 4: Posterior distribution in one simulation

Note: This figure displays posterior distributions from one of the Monte Carlo simulations. The orange
and blue histograms represent the prior and posterior distributions, respectively, while the red dashed
line indicates the true parameter value.

6 Revisiting Smets and Wouters (2007)

In this section, I revisit the well-known result of Smets and Wouters (2007), which shows

that the marginal likelihood of their medium-scale DSGE model, estimated using the

Laplace approximation, is comparable to the marginal likelihood of the VAR models,

which is obtained analytically. Note that the Laplace approximation is a local method

because it relies only on the unnormalized posterior density and the Hessian at the pos-

terior mode. Hence, the estimate is sensitive to the optimization of the unnormalized

posterior density, which is often numerically challenging, and to numerical errors in com-

puting the Hessian. It also assumes that the posterior distribution is Gaussian, which is

restrictive and generally not the case for DSGE models.

Therefore, it is worth re-examining their results using a more global estimation method,

such as HMEs, instead of the local Laplace approximation. HMEs are global approxi-

mations because they use information from the entire posterior distribution, rather than

just the information at a mode. Furthermore, unlike the Laplace approximation, they do

not assume the posterior distribution is Gaussian, nor do they require optimization.29

29It is common to use information from the posterior mode and the Hessian to fine-tune MCMC algo-
rithms when estimating DSGE models. While this pre-conditioning often improves sampling efficiency,
it is not strictly necessary for posterior sampling. Additionally, although the SWZ estimator typically
relies on the posterior mode, the posterior mean can be used instead to avoid the mode-finding step,
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However, simply applying the HMEs is likely to give the DSGE model an unfair advan-

tage compared to the VAR models due to the overestimation of the marginal likelihood

caused by simulation pseudo-bias. To address this issue, I compute both the corrected

and uncorrected HMEs for the DSGE model using the method in equation (16). For the

VAR models, I estimate a conjugate VAR model with a Minnesota prior, after optimiz-

ing its hyperparameters by maximizing the marginal likelihood, following Giannone et al.

(2015) and Ferroni and Canova (2021), and I report the marginal likelihood computed

analytically. Additionally, I compare the marginal likelihoods of the two Bayesian VAR

specifications from Smets and Wouters (2007), which can also be computed analytically.

I use the same dataset as Smets and Wouters (2007) and follow their method to com-

pute the marginal likelihood for the full sample period from 1966:1 to 2004:4. Specifically,

I calculate the marginal likelihood for this period by subtracting the estimate based on

the training sample (1956:1–1965:4) from the estimate based on the extended sample

(1956:1–2004:4). For reference, I also report the marginal likelihood estimates for the full

sample period (1966:1–2004:4) without any subtraction for the DSGE model.30

Results. Table 5 reports the marginal likelihoods of three types of VAR models with

lags varying from 1 to 5. The first column presents the marginal likelihoods of the opti-

mized Minnesota conjugate VAR model I estimated, while the second and third columns

present the values taken from Smets and Wouters (2007). We observe a similar pattern

for the optimized Minnesota prior and the Sims and Zha (1998) prior: the marginal like-

lihoods peak at intermediate lag lengths, such as 3 or 4, and are generally higher than

those for the “No other prior” specification. The marginal likelihoods for each prior spec-

ification with the optimal lag length fall between −907 and −928, and my own estimate is

−914, which I use as my preferred estimate. We compare these values with the marginal

likelihood of the DSGE model.

provided the posterior distribution is unimodal.
30I estimated the Smets and Wouters (2007) model running the replication code generously provided

by Johannes Pfeifer, available at https://github.com/johannespfeifer/dsge_mod, with Dynare 6.2
of Adjemian et al. (2024).
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VAR lags Optimized Minnesota prior No other prior Sims and Zha (1998) prior
VAR(1) -965.6 -928.0 -940.9
VAR(2) -914.7 -966.6 -915.8
VAR(3) -913.8 -1018.1 -908.7
VAR(4) -917.9 -1131.2 -906.6
VAR(5) -919.1 - -907.7

Table 5: Marginal likelihoods of the VAR models

Note: This table presents the marginal likelihoods of VAR models with three different priors for five lags.
The first column corresponds to the Minnesota prior, with hyperparameters optimized by maximizing the
marginal likelihood following Ferroni and Canova (2021). The second and third columns are copied from
Table 2 in Smets and Wouters (2007). The sample period is 1966:1-2004:4 and the period 1956:1-1965:4
is used as a training sample following Smets and Wouters (2007).

Table 6 reports the estimates of the marginal likelihood for the DSGE model across

various sample periods using different HMEs and the Laplace estimator. The first row

(1966:1—2004:4 (a)–(b)) presents the estimates comparable to those of the VARs in

Table 5, and they are computed by subtracting the estimate of the training sample

(1956:1–1965:4 (b)) from the extended sample period (1956:1–2004:4 (a)).31 The second

and third rows present the estimates used to obtain the results in the first row. The

fourth row presents the estimate from the full sample period of 1966:1—2004:4 without

any subtraction.

Before comparing the marginal likelihoods of the DSGE and VAR models, two points

regarding Table 6 are worth mentioning. First, there is evidence of overestimation of

the marginal likelihood due to simulation pseudo-bias. For example, the estimates of the

original HME are larger than those of other estimators, such as Geweke’s estimator and

the SWZ estimator. This is evident in the second, third, and fourth rows of Table 6, where

no subtraction is made between periods. After correcting for pseudo-bias, the original

HME becomes comparable to the other estimators. Additionally, the modified HME with

the uniform weighting density initially gives larger estimates than Geweke’s estimator,

but they become quantitatively similar after the pseudo-bias correction. Second, there

are some differences between the Laplace approximation and other HMEs. For instance,

the Laplace approximation for the sample period (b) 1956:1–1965:4 is smaller than the

Geweke and SWZ estimators, and the difference is “positive” according to the scale in

Kass and Raftery (1995), as shown in Table 1.

Now, let us compare the marginal likelihoods of the DSGE and VAR models. The

31The Laplace approximation reported in Table 6, −913.7, is different from the result reported by
Smets and Wouters (2007) in Table 2, which is −905.8. Several factors may explain this difference.
First, I re-estimate the posterior mode using the corresponding sample. Although Smets and Wouters
(2007) provide optimization results, their optimization code is unavailable, so specific implementation
details may differ. Second, I use Dynare version 6.2, which was not publicly available at the time Smets
and Wouters (2007) was written. Smets and Wouters (2007) report Geweke’s estimate for the full-sample
period without pre-training as −923 in Table 4, which closely aligns with my estimate of −922.2.
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Sample period HM C-HM Unif C-Unif Geweke C-Geweke SWZ (Laplace)
1966:1-2004:4 (a)-(b) -875.7 -917.6 -909.0 -914.1 -914.9 -914.9 -915.1 -913.7
1956:1-2004:4 (a) -1085.9 -1168.7 -1149.5 -1167.8 -1166.8 -1166.8 -1166.1 -1167.1
1956:1-1965:4 (b) -210.2 -251.1 -240.5 -253.6 -251.9 -251.9 -251.1 -253.4
1966:1-2004:4 (no training) -847.2 -920.9 -903.3 -921.2 -922.2 -922.2 -921.6 -923.0

Table 6: Marginal likelihoods of the Smets and Wouters (2007) model

Note: This table presents the marginal likelihood of the Smets and Wouters (2007) DSGE model,
estimated using various harmonic-mean-type estimators, as well as the Laplace approximation employed
by Smets and Wouters (2007). HM is the original harmonic mean estimator; Unif is the modified
harmonic mean estimator with uniform weighting density; Geweke is the estimator proposed by Geweke
(1999); SWZ is the estimator proposed by Sims, Waggoner and Zha (2008); and Laplace is based on the
Laplace approximation. The prefix C indicates that the estimate is simulation pseudo-bias corrected.
The first row shows the full sample estimate using the sample of 1956:1-1965:4 as a training sample.
This row is comparable to Table 5 in this paper and Table 2 in Smets and Wouters (2007). The second
and third rows show the results for each sample used to compute the second row. The fourth row shows
the estimates without training periods.29



estimation result confirms the robustness of the well-known result of Smets and Wouters

(2007)—their DSGE model “is able to compete with Bayesian Vector Autoregression

models”—when the marginal likelihood is evaluated using various HMEs, rather than

the local Laplace approximation. The first row of Table 6 reports that, after correct-

ing for pseudo-bias if needed, the marginal likelihood of the DSGE models is approxi-

mately −915. For instance, the marginal likelihoods of Geweke’s estimator and the SWZ

estimator are −914.9 and −915.1, respectively. The largest estimate is −914.1 by the

pseudo-bias corrected modified HME with the uniform weighting density, while the lowest

estimate is −917.6 by the pseudo-bias corrected original HME. These values are similar

to the marginal likelihoods of the VAR models, which range from −907 to −928, and

particularly close to my preferred estimate of −914.

This exercise also highlights the importance of correcting simulation pseudo-bias be-

cause, without correction, we would wrongly conclude that the DSGE model fits the data

much better than the VAR models. For example, the uncorrected estimates from the

original HME and the modified HME with the uniform weighting density are −875.7 and

−909.0, respectively. They are considered “very strongly” or “strongly” higher than the

marginal likelihood of the preferred VAR model, −914, on the scale of Kass and Raftery

(1995).

7 Conclusion

In this paper, I demonstrated that the modified HME exhibits smaller simulation pseudo-

bias than the original HME in practice. I also introduced a pseudo-bias correction method

for the modified HMEs. Monte Carlo simulations confirmed the theoretical prediction

and accuracy of the popular modified HMEs, such as those proposed by Geweke (1999)

and Sims et al. (2008). Finally, I demonstrated that the well-known result of Smets and

Wouters (2007) holds when various modified HMEs are applied instead of the Laplace

approximation, and I highlighted the importance of pseudo-bias correction.

This study opens up several avenues for future research. First, while I focused on

simulation pseudo-bias itself, its impact on model selection and model averaging requires

further analysis. For instance, model selection might still be correct if the models under

comparison induce quantitatively similar pseudo-bias. Furthermore, while the weights

used for model averaging will be incorrect except for a knife-edge case where all the mod-

els exhibit the same pseudo-bias, their quantitative effect on the resulting model, such

as on forecasting performance, remains unclear. Future research should examine how

pseudo-bias and its correction affect model selection and averaging in practical macroe-

conomic applications, such as lag selection in VAR models, model comparison in larger,

nested, and non-nested DSGE models, and forecasting comparisons. Second, comparing
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the performance of HMEs with alternative methods, such as the corrected arithmetic

mean estimator (Pajor (2017)), bridge sampling (Frühwirth-Schnatter (2004)), and the

variational Bayes weighting density (Hajargasht and Woźniak (2020)), in macroeconomic

contexts remains a crucial area for future research. Third, examining the simulation

pseudo-bias correction method from the bias-variance trade-off perspective will help clar-

ify its properties. For instance, it may help guide the selection of the truncation region

A to minimize the variance of the estimator.
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A Proof of Theorem 1

The proof is a natural extension of Lenk (2009) and follows Pajor and Osiewalski (2013).

Recall Bayes’ theorem:

p(θ|y) = p(y|θ)p(θ)
p(y)

.

Then we have,

W (A) ≡
∫
A

w(θ)dθ

=

∫
A

w(θ)

p(θ|y)
p(θ|y)dθ

=

∫
A

w(θ)

p(y|θ)p(θ)/p(y)
p(θ|y)dθ

= p(y)

∫
A

w(θ)

p(y|θ)p(θ)
p(θ|y)dθ,

where the assumption of p(θ|y) > 0 almost everywhere is used in the second equality, and

this leads to the equation in Proposition 2:

p(y) = P (A)

[∫
A

w(θ)

p(y|θ)p(θ)
p(θ|y)dθ

]−1

.
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Supplementary Appendix (Not for publication)

A Algorithms

This section first presents the algorithm to implement the modified HME in general,

and then explains the algorithm for two specific modified HMEs proposed by Geweke

(1999) and Sims et al. (2008). Note that it is recommended to take the natural log when

computing these values in practice to mitigate computational errors, if possible. For

instance, usually log(p(y)) is computed and reported instead of p(y), although I write the

algorithm below without doing so for notational simplicity.

A.1 The modified HME in general

0. Decide what weighting density w(θ) to use. For each sample of the posterior dis-

tribution θ(i), i = 1, 2, ..., N , do the following.

1. Compute w(i) = w(θ(i)) and p(y|θ(i))p(θ(i)) for i = 1, 2, ..., N .

2. Approximate p(y) by p(y) =
[

1
N

∑N
i=1

w(i)

p(y|θ(i))p(θ(i))

]−1

A.2 Geweke’s estimator

0. Decide τ . For instance, Geweke (1999) uses τ = 0.1, 0.5, 0.9. For each sample of

the posterior distribution θ(i), i = 1, 2, ..., N , do the following.

1. Compute w
(i)
Geweke = wGeweke(θ

(i)) and p(y|θ(i))p(θ(i)) for i = 1, 2, ..., N where

wGeweke(θ) = τ−1(2π)−k/2|Ω̄|−1/2 exp

(
−1

2
(θ − θ̄)′Ω̄−1(θ − θ̄)

)
1(θ ∈ Θ̄),

Θ̄ = {θ : (θ − θ̄)′Ω̄−1(θ − θ̄) ≤ F−1
χ2
k
(τ)}, θ̄ and Ω̄ are the posterior mean and

covariance matrix of θ, k is the dimension of θ, τ ∈ (0, 1) is a tuning parameter,
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and F−1
χ2
k
(τ) is an inverse of a χ2 CDF with the degree of freedom k.

2. Approximate p(y) by p(y) =

[
1
N

∑N
i=1

w
(i)
Geweke

p(y|θ(i))p(θ(i))

]−1

A.3 Sims, Waggoner, and Zha’s estimator

Recall the weighting density of the SWZ estimator:

wSWZ(θ) = q−1
L g(θ)1(θ ∈ Θ̂)

where

g(θ) =
Γ(k/2)

2πk/2|Ŝ|
f(r(θ))

r(θ)k−1
,

qL is the normalizing constant ensuring that
∫
Θ
w(θ)SWZdθ = 1; Θ̂ determines the tun-

cation as Θ̂ = {θ : p(y|θ)p(θ) > L1−q, r(θ) ∈ [a, b]}, and L1−q is 1 − q percentile of the

realized unnormalized posterior density {p(y|θi)p(θi)}Ni=1, and Sims et al. (2008) recom-

mend using q = 0.9; a, b, and ν are defined below; Γ is the gamma function; k is the

number of parameters; r(θ) is a function defined as r(θ) =

√
(θ − θ̂)′Ω̂−1(θ − θ̂) where

θ̂ is a posterior mode and Ω̂ is a covariance matrix centered at the posterior mode:

Ω̂ = 1
N

∑N
i=1(θ

(i)− θ̂)(θ(i)− θ̂)′; Ŝ is the lower Cholesky decomposition of Ω̂; f() is a prob-

ability density function defined below. Let c1, c10 and c90 be the 1st, 10th, and 90th per-

centile values of the posterior draws {r(i)}Ni=1 computed as r(i) =

√
(θ(i) − θ̂)′Ω̂−1(θ(i) − θ̂).

Then, set ν = log(1/9)
log(c10/c90)

, a = c1 and b = c90

0.9
1
ν
. The probability density function f(r) is

defined as follows:

f(r) =


νrν−1

bν−aν
if r ∈ [a, b]

0 otherwise.

Mainly following Herbst and Schorfheide (2016), the SWZ estimator can be imple-

mented as follows.

0. Compute a posterior mode θ̂ and a covariance matrix Ω̂ centered at the posterior

mode. Choose the threshold value q. Also compute other parameters, such as a, b
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and ν.

1. Simulate N sim series of i.i.d samples of {θ(j)}Nsim

j=1 from g(θ) by the following algo-

rithm.

1-1. Sample r(j) from f(r) by using the inversion sampling:

r(j) = {(bν − aν)u(j) + aν}
1
ν ,

where u(j) is a random sample from the uniform distribution with support

[0, 1].

1-2. Sample θ(j) by

θ(j) =
r(j)

||x(j)||
Ŝx(j) + θ̂

where ||x|| is the Euclidean norm, Ŝ is the lower Cholesky decomposition of Ω̂,

and x(j) is a random sample from the k dimensional standard multivariate normal

distribution.

2. Estimate the normalizing constant qL by qL = 1
Nsim

∑Nsim

j=1 1(θ(j) ∈ Θ̂). Increase q

if qL is too small.32

3. For all i = 1, 2, ..., N , compute w
(i)
SWZ = wSWZ(θ

(i)) and p(y|θ(i))p(θ(i)).

4. Approximate p(y) by p(y) =

[
1
N

∑N
i=1

w
(i)
SWZ

p(y|θ(i))p(θ(i))

]−1

Remark 1: The inversion sampling works as follows. First, note that if X ∼ FX , then

the random variable following FX(U)−1, U ∼ Uniform[0, 1] follows the same distribution

as X because P (F−1
X (U) ≤ x) = P (U ≤ FX(x)) = FX(x). Then, recall that we have

FR(r) =
rν−aν

bν−aν
because of the definition of f(r) in (4). Hence, by using u ∼ Uniform[0, 1]

and u = rν−aν

bν−aν
, we have r = {(bν − aν)u+ aν} 1

ν , which enables us to sample directly from

f(f) by transforming a random uniform sample u.

32As a rule of thumb, Sims et al. (2008) recommends qL ≥ 1.0e− 6
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Remark 2: When computing the natural log of the weighting density, using the fol-

lowing formula will help avoid computational instability:

log
(
|Ŝ|
)
=

1

2
log
(
|Ω̂|
)
=

k∑
s=1

log
(
Ŝs,s

)

where Ŝs,s denotes the sth diagonal element of Ŝ. The first equality follows because

|A| = |A′| for a square matrix A and Ω = SS ′. The second equality follows because S is

a lower triangular matrix.

Remark 3: Note that the simulation evaluating qL requires computing the likelihood

p(y|θ(j)) for N sim times, which could be computationally demanding if evaluating the

likelihood is costly.

Remark 4: The above algorithm uses direct sampling from g(θ) to evaluate qL, but

importance sampling can also be used. However, my computational experience suggests

that direct sampling is computationally more stable and accurate than importance sam-

pling.

Remark 5: Some papers define the denominator of g(θ) as (2π)k/2, not 2πk/2, but this

definition distorts the evaluation of qL if the direct sampling approach is employed.

Remark 6: Some papers skip the numerical evaluation of qL and use some simplifica-

tion. For instance, they set qL = 1− qSWZ or evaluate qL by using the samples from the

posterior distribution: qL = 1
N

∑N
i=1

(
1(p(y|θ(i))p(θ(i)) > L)× 1(r(i) ∈ [a, b])

)
. However,

such simplification leads to the violation of the assumption that wSWZ(θ) is a probability

density.

B Details of the models used in the illustrative ex-

ample and the Monte Carlo simulation

This section explains the details of the three models used in the paper for the illustrative

example and the Monte Carlo simulation. The first model is the conjugate normal model

A.4



with known variance, and its posterior distribution and marginal likelihood can be derived

analytically. The second model is a Bayesian linear regression model, and similarly to

the first model, its (full conditional) posterior distribution and marginal likelihood are

derived analytically, and the Gibbs sampling algorithm is explained. The third model is

a small-scale New Keynesian dynamic stochastic general equilibrium (DSGE) model. I

first derive the state-space representation of the model. Then, I provide the algorithm of

the sequential Monte Carlo sampler to draw samples from the posterior distribution.

I use the following probability distributions below. First is the multivariate normal

distribution: If X ∼ N (µ,Σ), then p(x) = (2π)−k/2|Σ|−1/2 exp
{
−1

2
(x− µ)′Σ−1(x− µ)

}
where k is the dimension of X. Second is the inverse-gamma distribution: If y ∼

IG(v0, v1), then p(y) = [Γ(v0)(v1)
v0 ]−1y−(v0+1) exp{− 1

yv1
} where Γ(·) is a Gamma func-

tion.

B.1 A conjugate normal model

The posterior density can be written as

p(µ|y) ∝ p(y|µ)p(µ)

= (2π)−T/2(σ2)−T/2 exp

{
− 1

2σ2

T∑
t=1

(yt − µ)2

}

× (2π)−1/2(V0σ
2)−1/2 exp

{
− 1

2V0

(µ− µ0)
2

}
∝ exp

{
− 1

2σ2

T∑
t=1

(yt − µ)2

}
exp

{
− 1

2V0

(µ− µ0)
2

}
∝ exp

{
− 1

2σ2
(Tµ2 − 2T ȳµ)− 1

2V0

(µ2 − 2µ0µ)

}
= exp

{
−1

2

[(
T

σ2
+

1

V0

)
µ2 − 2

(
T ȳ

σ2
+

µ0

V0

)
µ

]}
∝ exp

{
−1

2

1

(T/σ2 + 1/V0)−1

[
µ− T ȳ/σ2 + µ0/V0

T/σ2 + 1/V0

]2}

Hence, we have µ|y ∼ N (µT , VT ) where VT = (T/σ2 + 1/V0)
−1 and µT = T ȳ/σ2+µ0/V0

T/σ2+1/V0
=

VT (T ȳ/σ
2 + µ0/V0).
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The marginal likelihood can be obtained as follows:

p(y) =

∫
p(y, µ)dµ

=

∫
p(y|µ)p(µ)dµ

=

∫
(2π)−T/2(σ2)−T/2 exp

{
− 1

2σ2

T∑
t=1

(yt − µ)2

}
× (2π)−1/2(V0)

−1/2 exp

{
− 1

2V0

(µ− µ0)
2

}
dµ

= (2π)−(T+1)/2(σ2)−T/2(V0)
−1/2 exp

{
−1

2

(∑T
t=1 y

2
t

σ2
+

µ2
0

V0

)}

×
∫

exp

{
−1

2

[(
T

σ2
+

1

V0

)
µ2 − 2

(
T ȳ

σ2
+

µ0

V0

)
µ

]}
dµ

= (2π)−(T+1)/2(σ2)−T/2(V0)
−1/2 exp

{
−1

2

(∑T
t=1 y

2
t

σ2
+

µ2
0

V0

)}

=

∫
exp

{
− 1

2VT

(µ− µT )
2

}
dµ× exp

{
µ2
T

2VT

}
= (2π)−(T+1)/2(σ2)−T/2(V0)

−1/2 exp

{
−1

2

(∑T
t=1 y

2
t

σ2
+

µ2
0

V0

)}

× (2π)1/2(VT )
1/2

∫
(2π)−1/2(VT )

−1/2 exp

{
− 1

2VT

(µ− µT )
2

}
dµ

= (2πσ2)−T/2

(
VT

V0

)1/2

exp

{
−1

2

(∑T
t=1 y

2
t

σ2
+

µ2
0

V0

− µ2
T

VT

)}
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B.2 Bayesian linear regression models

The joint posterior density can be written as follows:

p(β, σ2|y,X) ∝ p(y|β, σ2, X)p(β|σ2)p(σ2)

= (2π)−T/2(σ2)−T/2 exp

{
− 1

2σ2
(y −Xβ)′(y −Xβ)

}
× (2π)−k/2|σ2V0|−1/2 exp

{
−1

2
(β − β0)

′(σ2V0)
−1(β − β0)

}
× (Γ(v0)v

v0
1 )−1(σ2)−(v0+1) exp

{
− 1

v1σ2

}
∝ (σ2)−(T/2+k/2+v0+1) exp

{
− 1

2σ2
(y −Xβ)′(y −Xβ)

}
× exp

{
− 1

2σ2
(β − β0)

′V −1
0 (β − β0)

}
× exp

{
− 1

v1σ2

}

because |σ2V0|−1/2 = (σ2)−k/2|V0|−1/2. Then, the full conditional posterior distribution of

β can be obtained as follows:

p(β|σ2, y,X) = p(σ2|y,X)−1p(β, σ2|y,X)

∝ p(β, σ2|y,X)

∝ exp

{
− 1

2σ2
(y −Xβ)′(y −Xβ)

}
exp

{
− 1

2σ2
(β − β0)

′V −1
0 (β − β0)

}
= exp

{
− 1

2σ2
(y′y − 2y′Xβ + β′X ′Xβ + β′V −1

0 β − 2β′
0V

−1
0 β + β′

0V
−1
0 β0)

}
∝ exp

{
− 1

2σ2
(β′X ′Xβ − 2β′X ′y + β′V −1

0 β − 2β′
0V

−1
0 β)

}
∝ exp

{
− 1

2σ2
(β′X ′Xβ − 2β′X ′y + β′V −1

0 β − 2β′
0V

−1
0 β)

}
× exp

{
− 1

2σ2
(X ′y + V −1

0 β0)
′(X ′X + V −1

0 )−1(X ′y + V −1
0 β0)

}
= exp

{
−1

2
(β − βT )

′(σ2VT )
−1(β − βT )

}

(B.1)
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where VT = (X ′X+V −1
0 )−1 and βT = (X ′X+V −1

0 )−1(X ′y+V −1
0 β0) = VT (X

′y+V −1
0 β0).

Hence, it follows the multivariate normal distribution: β|σ2, y,X ∼ N (βT , σ
2VT ).

The marginal posterior distribution of σ2 can be computed as follows:

p(σ2|y,X) =

∫
p(σ2, β|X, y)dβ

∝ (σ2)−(T/2+k/2+v0+1) exp

{
− 1

v1σ2

}
×
∫

exp

{
− 1

2σ2
[(y −Xβ)′(y −Xβ) + (β − β0)

′V −1
0 (β − β0)]

}
dβ

= (σ2)−(T/2+k/2+v0+1) exp

{
− 1

v1σ2

}
exp

{
− 1

2σ2
(y′y + β′

0V
−1
0 β0 − β′

TV
−1
T βT )

}
× (2π)k/2|σ2VT |1/2

∫
(2π)−k/2|σ2VT |−1/2 exp

{
−1

2
(β − βT )

′(σ2VT )
−1(β − βT )

}
dβ

∝ (σ2)−(T/2+v0+1) exp

{
− 1

σ2

[
1

v1
+

1

2
(y′y + β′

0V
−1
0 β0 − β′

TV
−1
T βT )

]}

The last equation follows because the probability density function of multivariate normal

distribution integrates to unity. Hence, we have σ2|y,X ∼ IG(ṽ0, ṽ1) where ṽ0 = T/2+v0

and ṽ1 =
[

1
v1

+ 1
2
(y′y + β′

0V
−1
0 β0 − β′

TV
−1
T βT )

]−1

.

To calculate the marginal likelihood, we follow a two-step approach. First, we calcu-

late p(y|X, σ2) =
∫
p(y, β|X, σ2)dβ =

∫
p(y|β,X, σ2)p(β|σ2)dβ. Then, we calculate the
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marginal likelihood as p(y|X) =
∫
p(y, σ2|X)dσ2 =

∫
p(y|X, σ2)p(σ2)dσ2. First, we have

p(y|X, σ2) =

∫
p(y, β|X, σ2)dβ

=

∫
p(y|β, σ2, X)p(β|σ2)dβ

=

∫
(2π)−T/2(σ2)−T/2 exp

{
− 1

2σ2
(y −Xβ)′(y −Xβ)

}
× (2π)−k/2(σ2)−k/2|V0|−1/2 exp

{
− 1

2σ2
(β − β0)

′V −1
0 (β − β0)

}
dβ

= (2π)−T/2−k/2(σ2)−T/2−k/2|V0|−1/2 exp

{
− 1

2σ2
[(y −Xβ)′(y −Xβ) + (β − β0)

′V −1
0 (β − β0)]

}
= (2π)−T/2−k/2(σ2)−T/2−k/2|V0|−1/2 exp

{
− 1

2σ2
(y′y + β′

0V
−1
0 β0)

}
× exp

{
1

2σ2
(X ′y + V −1

0 β0)
′(X ′X + V −1

0 )−1(X ′y + V −1
0 β0)

}
×
∫

exp

{
−1

2
(β − βT )

′(σ2VT )
−1(β − βT )

}
dβ

= (2π)−T/2−k/2(σ2)−T/2−k/2|V0|−1/2 exp

{
− 1

2σ2
(y′y + β′

0V
−1
0 β0 − β′

TV
−1
T βT )

}
× (2π)k/2|σ2VT |1/2

∫
(2π)−k/2|σ2VT |−1/2 exp

{
− 1

2σ2
(β − βT )

′(σ2VT )
−1(β − βT )

}
dβ

= (2π)−T/2(σ2)−T/2|V0|−1/2|VT |1/2 exp
{
− 1

2σ2
(y′y + β′

0V
−1
0 β0 − β′

TV
−1
T βT )

}

The fifth equation follows by recalling the derivation of equation (B.1).
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Then, the marginal likelihood can be calculated as follows.

p(y|X) =

∫
p(y|X, σ2)p(σ2)dσ2

= (2π)−T/2|V0|−1/2|VT |1/2
∫
(σ2)−T/2 exp

{
− 1

2σ2
(y′y + β′

0V
−1
0 β0 − β′

TV
−1
T βT )

}
× (Γ(v0)(v1)

v0)−1(σ2)−(v0+1) exp

{
− 1

v1σ2

}
dσ2

= (2π)−T/2|V0|−1/2|VT |1/2(Γ(v0)(v1)v0)−1

×
∫

(σ2)−(T/2+v0+1) exp

{
− 1

σ2

(
1

v1
+

1

2
(y′y + β′

0V
−1
0 β0 − β′

TV
−1
T βT )

)}
dσ2

= (2π)−T/2|V0|−1/2|VT |1/2(Γ(v0)(v1)v0)−1(Γ(ṽ0)(ṽ1)
ṽ0)

×
∫

(Γ(ṽ0)(ṽ1))
−1(σ2)−(ṽ0+1) exp

{
− 1

ṽ1σ2

}
dσ2

= (2π)−T/2 |VT |1/2

|V0|−1/2

Γ(ṽ0)(ṽ1)
ṽ0

Γ(v0)(v1)v0
.

where ṽ0 = T/2 + v0 and ṽ1 =
[

1
v1

+ 1
2
(y′y + β′

0V
−1
0 β0 − β′

TV
−1
T βT )

]−1

. The last equa-

tion follows because the probability density function of the inverse-gamma distribution

integrates to unity.

Sampling method. We can use the Gibbs sampler to draw samples from the posterior

distribution.

0. Iterate this procedure for i = 1, 2, ..., N .

1. Sample σ2,(j) from IG(ṽ0, ṽ1)

2. Given σ2,(j), sample β(j) from N (βT , σ
2,(j)VT )

B.3 The three-equation New Keynesian DSGE model

The state-space representation of the extended three-equation NK-DSGE

model. By applying the Uhlig (1995) toolkit to the model (19), we obtain the solu-
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tion of the model as follows:

statet = P (θ)statet−1 +Q(θ)exot

nstatet = R(θ)statet−1 + S(θ)exot

exot = N(θ)exot−1 + Σ1/2εt

where θ is a vector collecting all the parameters of the model, statet = [πt, it]
′, nstatet =

yt, exot = [edt , e
s
t , e

m
t ], εt = [εdt , ε

s
t , ε

m
t ]

′, and Σ1/2 = diag(σd, σs, σm). By setting St =

[yt, πt, it, e
d
t , e

s
t , e

m
t ]

′, the state transition equation can be written as

St =



yt

πt

it

edt

est

emt


=


0 R SN

02×1 P QN

03×1 03×2 N

St−1 +


SΣ1/2

QΣ1/2

Σ1/2

 εt, (B.2)

which provides equation (20). The observation equation can be written as


yot

πo
t

iot

 =


1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

St + Σ1/2
u ut, (B.3)

which provides equation (21).

The state-space representation of the simple three-equation NK-DSGE model.

When there is no inertia, i.e., ρd = γb = ρi = 0, there exists a simple solution to the

model (19). More specifically, under this condition, the model (19) can be written as

follows:
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yt = Etyt+1 − γ(it − Etπt+1) + σdε
d
t

πt = βEtπt+1 + κyt + σsε
s
t

it = ϕππt + ϕyyt + σmε
m
t

where β ∈ (0, 1), κ > 0, ϕπ > 1, ϕy ≥ 0, and σd, σs, σm > 0. I also assume εdt , ε
s
t , ε

m
t

iid∼

N (0, 1). Then, we can use a method of undetermined coefficients, and the solution for

this system of the expectational difference equations can be expressed as follows:

St ≡


yt

πt

it

 =
1

1 + γ(ϕπκ+ ϕy)


σd −ϕπσs −σm

κσd (1 + ϕy)σs −κσm

(ϕy + ϕπκ)σd ϕπσs σm



εdt

εst

εmt


This solution directly provides the state-transition equation, and the observation equation

is

Y o
t ≡


yot

πo
t

iot

 =


1 0 0

0 1 0

0 0 1

St + Σ1/2
u ut

where ut
iid∼ N (0, I).

The sequential Monte Carlo sampler. The algorithm of the sequential Monte Carlo

sampler I use in this paper closely follows Herbst and Schorfheide (2014) and Herbst and

Schorfheide (2016). This sampler approximates the posterior distribution by iteratively

perturbing the likelihood function and gradually updating the prior distribution. Specif-

ically, consider

πn(θ) =
p(Y |θ)ϕnp(θ)∫
p(Y |θ)ϕnp(θ)dθ

where n = 1, ..., ϕNϕ
, ϕNϕ

is the total number of iteration, and ϕn is an increasing sequence

with ϕ1 = 0 and ϕNϕ
= 1. Note that πn(θ) corresponds to the posterior distribution when

n = Nϕ.
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In the algorithm below, I use slightly different notations from the main paper to make

the explanation clearer. For more details, see Herbst and Schorfheide (2016).

• θ: A vector of parameters of the model.

• N : Number of particles (i). NMH : number of the Metropolis-Hastings steps in the

mutation step m.

• {ρn}
Nϕ

n=1: Resampling schedule, taking either 1 meaning “do resampling”, and 0

meaning “no resampling”, at each stage n.

• λ: A parameter controlling the tempering schedule: ϕn =
(

n
Nϕ

)λ
.

• α: The targeted acceptance ratio of the Metropolis-Hastings steps in the mutation.

• {ζn}
Nϕ

n=1: A vector of tuning parameters used in the mutation step. They include a

scaling parameter of the covariance matrix cn and a covariance matrix of the mul-

tivariate Gaussian proposal distribution Σ∗
n. It also includes c∗, the initial scaling

parameter.

• Generally, w and W denote the unnormalized and normalized weights of the im-

portance sampling. p(y|θ) is the likelihood, and one can compute it by using the

Kalman filter for the DSGE models in this paper because they are formulated as a

linear Gaussian state space model. p(θ) is the prior density.

Algorithm.

0. Decide λ,N,Nϕ, NMH and c∗ and compute {ϕn}
Nϕ

n=1. {ρn}
Nϕ

n=1 and {ζn}
Nϕ

n=1 are de-

termined adaptively during the sampling procedure.

1. Initialization (ϕ0=0): Generate first particles from prior distributions.

Draw θi0
iid∼ p(θ) for i = 1, 2, ..., N . Set W i

0 = 1/N for i = 1, 2, ..., N .

2. Recursion: Do the following for n = 1, 2, ..., Nϕ.

A.13



2-1. Correction: Computing particle weights W̃ i
n.

Reweight particles from stage n− 1 by

w̃i
n = [p(y|θin−1)]

ϕn−ϕn−1

and

W̃ i
n =

w̃i
nW

i
n−1∑N

i=1 w̃
i
nW

i
n−1

for i = 1, 2, ..., N .

2-2. Recursion: Resampling particles and set equal weights to avoid weight degen-

eracy issues.

2-2-1. Set ρn = 1 if ÊSSn < T/2 where the effective sample size is computed

as ÊSSn = 1∑N
i=1(W̃

n
i )2

. The resampling happens when the weights are so

dispersed that the effective sample size becomes small, such as half of the

number of particles.

2-2-2. If ρn = 1, resample by multinomial resampling. That is, for each i =

1, 2, ..., N , independently draw θ̂in from multinomial distribution with sup-

port points {θin−1}Ni=1 and probabilities {W̃ i
n}Ni=1. Set W i

n = 1/N for

i = 1, 2, ..., N .

If ρn = 0, no-resampling is needed, so set θ̂in = θin−1 and W i
n = W̃ i

n.

2-3. Mutation: Propagating the particles {θ̂in,W i
n}Ni=1 by the Metropolis-Hastings

algorithm.

2-3-1. Compute ζn: cn and Σ∗
n. The scaling parameter is computed by

cn = cn−1f(Rn−1)

where f(x) = 0.95+0.1 e16(x−α)

1+e16(x−α) and Rn−1 is the realized acceptance ratio

at stage n − 1, so that {cn}
Nϕ

n=1 will be adjusted to achieve the targeted

acceptance ration α.33 Set Σ∗
n = Vπn [θ] ≈

∑N
i=1(θ̂

i
n−

¯̂
θin)W

i
n(θ̂

i
n−

¯̂
θin)

′ where

33We assume that the initial acceptance ratio is 0.5. This value is needed to compute c1.
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¯̂
θin =

∑N
i=1 W

i
n · θ̂in.

2-3-2. For m = 1, ..., NMH repeat the following Metropolis-Hastings step. First,

draw the candidate θ∗i,mn from the Gaussian proposal distribution by

θ∗i,mn ∼ N (θi,m−1
n , c2nΣ̃n)

where θi,0n = θ̂in.

Second, set

θi,mn =


θ∗i,mn if log(αi,m

n ) > log(ui,m
n )

θi,m−1
n otherwise

where ui,m
n ∼ Unif[0, 1] and

αi,m
n =

p(y|θ∗i,mn )ϕnp(θ∗i,mn )

p(y|θi,m−1
n )ϕnp(θi,m−1

n )

The average acceptance ratio can be computed as

Rn =
1

N

N∑
i=1

1{log(αi,NMH
n ) > ui,NMH

n }

by using the acceptance results for each particle at the last step.

3. The approximation of Eπ[w(θ)] is given by

ĥNϕ,N =
1

N

N∑
i=1

W i
Nϕ

w(θ̂iNϕ
)

Remark 1: In general, we can employ a random block Metropolis-Hastings algorithm

in the mutation step. However, the single-block Metropolis-Hastings is sufficient in this

paper, as the model has at most ten parameters.

Remark 2: In general, we can use a mixture of distributions as a proposal, as done in

Herbst and Schorfheide (2014). However, the simple random walk Metropolis-Hastings

is sufficient in this paper, as our model is much smaller than their medium-scale DSGE
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models.

C Additional Figures for the Simulation

C.1 Bayesian linear regression model

Figure C.1 presents the estimation errors for the original HME, the modified HME with

a uniform weighting density, Geweke’s estimator, and the SWZ estimator based on 160

simulations with the Bayesian linear regression model in Section 5.
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Figure C.1: Estimation errors in a Bayesian linear regression model
Note: This figure presents the estimation errors of the marginal likelihood from the Monte
Carlo simulation in the Bayesian linear regression model described in Section 5, where
the number of regressors is nx = 20, and the the number of observations is T = 100.
The errors are measured as deviations from the marginal likelihood computed analyti-
cally. Dots represent uncorrected estimates, while circles indicate pseudo-bias corrected
estimates. From the left, the plots correspond to the original HME, the modified HME
with the uniform weighting density, Geweke (1999)’s estimator, and Sims et al. (2008)’s
estimator, respectively. These values are based on 160 simulations.

C.2 The three-equation NK-DSGE model

Figure C.2 presents the estimation errors for the original HME, the modified HME with

a uniform weighting density, Geweke’s estimator, and the SWZ estimator based on 160

simulations with the DSGE model in Section 5. In line with the findings of Lenk (2009),
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the original HME tends to overestimate the marginal likelihood, and the pseudo-bias

correction significantly improves its accuracy. In contrast, even the modified HME using

a simple uniform weighting density is less affected by the pseudo-bias than the original

HME, as the improvement from the pseudo-bias correction is much smaller. Geweke’s

estimator is barely affected by the pseudo-bias, as applying the pseudo-bias correction

does not improve its already superior accuracy. The SWZ estimator is also accurate

and does not require a separate pseudo-bias correction, as it implicitly incorporates the

correction by construction.
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Figure C.2: Estimation errors in a small-scale DSGE model
Note: This figure presents the estimation errors of the marginal likelihood from the Monte Carlo simu-
lation in the extended three-equation New Keynesian DSGE model described in Section 5. The errors
are measured as deviations from the sequential Monte Carlo approximation. Dots represent uncorrected
estimates, while circles indicate pseudo-bias corrected estimates. From the left, the plots correspond to
the original harmonic mean estimator, the modified harmonic mean estimator with the uniform weight-
ing density, Geweke (1999)’s estimator, and Sims et al. (2008)’s estimator, respectively. These values are
based on 160 simulations.

D Additional information

Importance sampling. Suppose that you want to numerically compute

Eπ[ϕ(θ)] =

∫
ϕ(θ)π(θ)dθ,
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where ϕ is a deterministic function ϕ : Rdim(θ) → R, but you cannot sample from the

probability distribution π (target distribution). Then, suppose that you can sample from

another probability distribution q (proposal distribution). Then, using samples from q,

you can compute the expectation as

Eπ[ϕ(θ)] =

∫
ϕ(θ)π(θ)dθ

=

∫
ϕ(θ)

π(θ)

q(θ)
q(θ)dθ

= Eq[ϕ(θ)W (θ)]

where W (θ) = π(θ)
q(θ)

. Note that π needs to be absolutely continuous with respect to q, i.e.,

∀θ, q(θ) = 0 ⇒ π(θ) = 0.

Derivation of the modified HME. We can derive the modified HME as follows:

p(y)−1 =

∫
w(θ)

p(y)
dθ

=

∫
w(θ)

p(y|θ)p(θ)
p(y|θ)p(θ)

p(y)
dθ

=

∫
w(θ)

p(y|θ)p(θ)
p(y, θ)

p(y)
dθ

=

∫
w(θ)

p(y|θ)p(θ)
p(θ|y)dθ

= Ep(θ|y)

[
w(θ)

p(y|θ)p(θ)

]

where the first equation follows because w(θ) integrates to unity, and the fourth equation

follows directly from the definition of conditional probability. By setting w(θ) = p(θ),

this estimator becomes equivalent to the original HME.

A.18


	Introduction
	Simulation pseudo-bias in the (modified) harmonic mean estimators of marginal likelihood
	Pseudo-bias correction for the modified harmonic mean estimator
	Examples of the modified harmonic mean estimators
	Monte Carlo simulation evidence
	Revisiting smets2007shocks
	Conclusion
	Proof of Theorem 1
	Algorithms
	Details of the models used in the illustrative example and the Monte Carlo simulation
	Additional Figures for the Simulation
	Additional information

